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Abstract
The presented thesis is devoted to the study of instabilities of compact objects within the
Einstein-Gauss-Bonnet theory. This theory includes higher-order corrections in curvature, which
are inspired by the low energy limit of string theory. We study linear instability of higher-
dimensional black holes in the de Sitter universe. The time-domain picture allows us to obtain
the parametric region of stability for the gravitational perturbations in all three channels, i.e., for
scalar-type, vector-type, and tensor-type perturbations. We observed that while the scalar and
tensor channels show instability for some choice of the parameters, the vector-type perturbations
are always stable. Furthermore, we show that the quasinormal frequencies of the scalar type of
gravitational perturbations do not obey Hod’s inequality, however, the other two channels, vector
and tensor, have lower-lying modes that confirm Hod’s conjecture.
We also studied stability of the wormholes in the four-dimensional Einstein-dilaton-Gauss-
Bonnet gravity proposed by P. Kanti, B. Kleihaus, J. Kunz in [Phys. Rev. Lett. 107, 271101
(2011)]. These wormholes were claimed to be stable against linear radial perturbations. How-
ever, our time-domain analysis allowed us to prove that to prove that such wormholes are linearly
unstable against general radial perturbations for any values of their parameters. We observed
that the exponential growth appears after a long period of damped oscillations. This behaviour is
qualitatively similar to the instability profile of the higher-dimensional black holes in the Einstein-
Gauss-Bonnet theory.
Keywords: Gravitational perturbations, Gauss-Bonnet theory, alternative gravity, instability
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Resumo
Esta tese é dedicada ao estudo de instabilidades de objetos compactos na teoria de Einstein-
Gauss-Bonnet. Essa teoria inclui correções de ordem superior na curvatura, que foram inspiradas
pelo limite de baixa energia da teoria das cordas. Estudamos a instabilidade linear de buracos
negros de dimensão superior no universo de Sitter. O perfil no domínio temporal permite-nos
obter a região paramétrica de estabilidade para as perturbações gravitacionais em todos os três
canais, ou seja, para perturbações do tipo escalar, vetorial e tensorial. Observamos que, embora
que os canais escalar e tensorial mostram instabilidade para certos parâmetros, as perturbações
do tipo vetorial são sempre estáveis. Além disso, mostramos que as freqüências quase-normais
do tipo escalar de perturbações gravitacionais não obedecem a desigualdade de Hod, no entanto,
os outros dois canais, vetor e tensor, têm os modos baixos que obedecem a conjetura de Hod.
Também estudamos a estabilidade dos buracos de minhoca na gravidade quadridimensional
de Einstein-dilaton-Gauss-Bonnet proposta por P. Kanti, B. Kleihaus, J. Kunz em [Phys. Rev.
Lett. 107, 271101 (2011)]. Estes buracos de minhoca foram declarados estáveis em relação
às perturbações radiais lineares. Entretanto, nossa análise no domínio temporal permitiu-nos
provar que aqueles buracos de minhoca são linearmente instáveis em relação às perturbações
radiais gerais para quaisquer valores dos parâmetros. Observamos que o crescimento exponencial
aparece após um longo período de oscilações amortecidas. Este comportamento é qualitativa-
mente semelhante ao perfil de instabilidade dos buracos negros de dimensão superior na teoria
de Einstein-Gauss-Bonnet.
Palavras-chave: Perturbações gravitacionais, teoría de Gauss-Bonnet, gravidade alternativa, ins-
tabilidade
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Chapter 1
Introduction
Recent years, theories of gravity with higher-curvature correction to the Einstein-Hilbert term
of General Relativity (GR) become an interesting alternative to Einstein gravity since higher-order
correction to the Einstein-Hilbert action appears in quantum gravity and string theory. In higher
than four-dimensional spacetimes, the low-energy limit of the heterotic string theory predicts
a second order in curvature correction, called the Gauss-Bonnet termo the Einstein action. In
particular, Lovelock gravity, one of these higher curvature theories, represents the most natural
generalization of Einstein action when the number of dimensions is larger than four. Recently it
was found that the Einstein-Gauss-Bonnet (EGB) theory has some interesting features:
1 the anti-de Sitter spacetime, which is unstable against nonlinear perturbations in the Ein-
stein gravity [1], restores stability in the Gauss-Bonnet theory [2];
2 unlike Schwarzschild solution, small black holes in the Einstein-Gauss-Bonnet theory are
unstable against small perturbations of space-time [3–5];
3 Hawking radiation of even softly Gauss-Bonnet-corrected black holes occurs at the evapora-
tion rate which is many orders slower than that of the black hole in the higher-dimensional
Einstein theory [6].
Black-hole stability against gravitational perturbations is an important and crucial criterium for
the viability of the particular black hole model. Since analytical analysis of the stability is a difficult
task even for relatively simple black hole solutions [7, 8], for the most of cases numerical treatment
comes into play through consideration of the black-hole oscillations (quasinormal spectrum) [9].
The quasinormal discrete spectrum of black holes have been extensively studied by theorists
researchers during the past years. Nowadays, there is a strong indication that quasinormal modes
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have been experimentally observed in the gravitational-wave signal from a merger of binary black-
hole system [10, 11]. It was shown that the gravitational-wave signal is consistent with the
classical Einstein model of gravity. At the same time, LIGO and VIRGO collaborations simulated
the evolution of the binary black hole within the Einstein theory, leaving the possible consistency
of alternative theories to further investigation [11]. It is shown in [12] that simple estimations of
orders lead to rather large indeterminacy of the black hole’s parameters, leaving the window for
alternative theories of gravity open.
In [13] S. Hod proposed that there exists a universal bound on the relaxation time rate.
According to Hod’s proposal, in the quasinormal spectrum of any black hole there is always a
mode whose rate of decay (given by the absolute value of the imaginary part of the quasinormal
frequency |Im(ω)|) is not higher than piTBH , where TBH is the Hawking temperature of the black
hole. The Hod’s inequality is satisfied for the wide range of black-hole solutions in various four-
and higher-dimensional theories. Therefore, when studying the quasinormal spectrum of black
holes, the natural question would be, whether this inequality is satisfied also for the considered
class of black holes, i. e. whether the Hod’s conjecture has counterexamples.
In the framework of higher curvature gravity, the Einstein-dilaton-Gauss-Bonnet action corre-
sponds to a kind of minimal effective theory of the full action considered in the heterotic string
theory. Therefore, there is a great interest in understanding physics of various compact objects,
first of all, such as black holes and wormholes, in the Einstein-dilaton-Gauss-Bonnet theory. The
negative energy density, which is necessary for existence of a wormhole, is provided by the Gauss-
Bonnet term. Thus, the solution suggested in [14] is an important example of a wormhole without
any exotic matter, which is stipulated by the fundamental physics.
Stability against small spacetime perturbations, could be an essential criterium related to
theoretical possibility of existence of wormholes. Stability of wormholes was studied in a number
of works [15–17]. Stability of thin-shell wormholes was investigated only against most-stable
purely radial perturbations [15, 16], while (also radial) stability of wormholes in general relativity
reported in [18] requires a rather odd equation of state for the surrounding matter [19]. Various
wormholes with ghost scalar field are known to be unstable [20, 21]. Thus, to the best of our
knowledge there is no example of a four-dimensional asymptotically flat wormhole solution whose
stability would be well established. Therefore, the stability of such a wormhole solution against
small spacetime perturbations is necessary to prove the viability of the wormhole model.
In [14] it was concluded that the wormhole is stable against spherical perturbations. The
boundary conditions used in [14] imply fixing the size of the wormhole throat, which looks non-
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physical. This was motivated in [14] by the requirement that small perturbation of the dilaton δφ
remains finite at the wormhole throat, and the Dirichlet boundary condition was imposed there.
This effectively disconnected the two regions to the left and right from the throat.
This thesis consists of in six chapters. Chapter 2 is dedicated to the complete description
of black holes in a higher-curvature theory of gravity. First, we describe the general Lovelock
theory in dimensions higher than four, then introduce the static, spherically symmetric black hole
solution for vacuum spacetimes. We focus on the theories of the second-order corrections in
curvature: by adding the Gauss-Bonnet term to the Einstein action one can obtain the higher-
order corrections to the Einstein equations and find the corresponding analytical static black-hole
solutions. In order to study black-hole perturbations, we use the formalism, developed by Ishibashi
and Kodama [22], which allows us to obtain independent linear equations for the three types of
gravitational perturbations.
In chapter 3 we describe the numerical methods used in this thesis. In order to obtain temporal
profiles of the black hole evolution in the linear approximation, we use the discretization method
proposed by Gundlach, Price, and Pullin [23]. Moreover, in order to find the dominant modes in
the quasinormal spectrum of a black-hole we employed the Pronny’s method of fitting the time-
domain profile. In chapter 4 we present all the results obtained with in the numerical analysis
of in Einsten-Gauss-Bonnet gravity in the asymptotically de Sitter spacetime. Also we determine
parametric regions of instability of gravitational perturbation for higher-dimensional black holes
and, in the last part, discuss the obtained data for quasinormal modes and the validity of the
Hod’s proposal. Chapter 5 is dedicated to the complete description of the Kanti-Kleihaus-Kunz
wormhole solution in Einstein-dilaton-Gauss-Bonnet gravity in which the corrected second order
term is nonvanishing in four dimensional spacetime because of the coupled dilaton field. In
chapter 6, we solve the regularized wave equations under adequate boundary conditions revealing
the instability of these traversable wormholes at whatever small values of the coupling constants.
An explanation of the reasons for the discrepancy between our results and [14] will be presented.
Finally, in chapter 7 we give a general review of all the results presented in this thesis and the
direction of future research.
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Results presented in chapters 4 and 6 were published in a high impact factor international
journal,
M. A. Cuyubamba, R. A. Konoplya, and A. Zhidenko. Quasinormal modes and a new
instability of Einstein-Gauss-Bonnet black holes in the de Sitter world. Phys. Rev., D93,
104053 (2016) [24];
M. A. Cuyubamba, R. A. Konoplya, A. Zhidenko, No stable wormholes in Einstein-dilaton-
Gauss-Bonnet theory, Phys. Rev., D98, 044040 (2018) [25].
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Chapter 2
Higher-curvature corrected gravity
In 1915, Albert Einstein [26] published one of the most important scientific accomplishment
of the last century, the general theory of relativity. The principle of equivalence and the special
theory of relativity were the two ideas behind this extraordinary mathematical construction. The
principle of equivalence, in the strong version, states that the laws of physics are invariant under
any chosen coordinate and in small enough neighborhood, the laws of physic are described in the
same way as in special relativity without gravity. In other words, it is impossible to distinguish
between an experiment in the presence of gravitational force and the same experiment in an
accelerated system. In general relativity, the concepts of absolute space and time are eliminated.
Instead, space and time are related to the matter distribution in the universe, which is opposed to
Newton’s description where space is a 3-dimensional region where a body can move and time has
an important role as being an independent parameter measuring the evolution of a system. In the
Einstein theory the spacetime is described as a four-dimensional manifold endowed with a metric,
which is a mathematical mechanism to measure “distances” between points in four-dimensional
spacetime. This metric is not the usual locally Euclidean one (is not a four-dimensional Euclidean
space), but rather of Lorentzian signature (−,+,+,+) on a manifold. The line element in
coordinates xµ, µ = 0 . . . 3 can be written as
ds2 = gµν(x)dx
µdxν . (2.1)
Moreover, in the description of Einstein, in order to describe the source of the gravitational field,
which is the matter content in the spacetime, the stress-energy tensor Tµν is used. The final step
in order to complete the description of the classical theory is the choice of the appropriate action
(S). The action that describes the interaction dynamics is called the Einstein-Hilbert action,
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S =
1
16pi G4
∫
d4x
√−gLEH + Smatter, (2.2)
where
LEH = R− 2Λ (2.3)
is the Einstein-Hilbert lagrangian with cosmological constant Λ, which was first introduced by
Einstein in order to describe a static universe. Later, the Hubble redshift observations indicated
that the universe is actually in the state of accelerating expansion. This is mostly thought to be
due to the presence of some fluid known as Dark Energy. The Einstein-Hilbert action (2.2) leads
to the famous Einstein equation
Gµν ≡ Rµν − 1
2
gµνR + Λ gµν =
8pi G4
c4
Tµν , (2.4)
where the first term in the left hand side is called the Einstein tensor and is expressed in terms
of the Ricci tensor Rµν . It is derived from the Riemann curvature tensor Rαβγσ by contraction
of first and third indices and R = Rµµ the scalar curvature. In order to approach the Newtonian
limit, the constant of proportionality on the right-hand side is chosen as G4 the four-dimensional
Newton gravitational constant. Vermeil [27] in 1917, then Weyl and Cartan showed that the
tensor Gµν is the only symmetric and conserved (divergence free Gµν;ν = 0) tensor depending
only on the metric, its first derivative and depending linearly on second derivatives of the metric.
The Einstein tensor contains the geometrical information of the spacetime, whilst the other side
carries all the field sources encoded in the stress-energy tensor.
Solid formulation for Einstein general relativity has been provided by the consideration of the
post-Newtonian corrections to the Newton theory in the Solar system limit, the indirect indications
of existence of gravitational waves from binary pulsars [28], and the recent observations of binary
black holes from LIGO and Virgo detectors [10, 11]. Further, the Event Horizon Telescope (EHT)
obtained the first image of the supermassive black hole [29] located in the center of the giant
elliptical galaxy M87, it is one of the most amazing things of this year (2019) for astrophysics
and black hole researchers since it provides a direct visual evidence of the existence of black holes
in our universe.
In addition to the trivial solution of the Einstein equation without matter, which is a flat
spacetime described by the Minkowski metric, Karl Schwarzschild [30] in 1916 was the first to
find an analytical solution of the general relativity theory with a singular character in the solution
which, first, seemed to be a mathematical curiosity of no physical relevance. Such an object was
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later called a black hole. At present, black holes are formed due to the collapse of matter [31]
such as that of a dying star. If a star is sufficiently large, at the last stage of its evolution it
undergoes a gravitational collapse and becomes a black hole.
The black holes are self-gravitating objects so dense that nothing, not even light, can escape
from their gravitational attraction (hence the name ’black’ hole). Nowadays, black holes are
thought to be objects in the universe which are present at the center of the galaxies like Sgr A∗,
a supermassive black hole at the center of the milky way with mass M = 4× 106 times the solar
mass (M).
Being a vacuum solution to the Einstein equation (2.4), the Schwarzschild metric, given by
the line element
ds2 = −
(
1− rs
r
)
dt2 +
dr2(
1− rs
r
) + r2 (dθ2 + sin2 θ) dϕ2, (2.5)
describes not only a black hole, but also the outside region of any spherically symmetric body
with total massM , where t and r are the time and radial coordinate respectively, and the angular
coordinates are θ and ϕ on a two-sphere. The parameter rs is called the Schwarzschild radius
(rs = 2M in geometric units) and this particular position coincides with the well-known event
horizon. In order to connect it to gravitational physics in Newtonian gravity, in asymptotically
approximation r →∞, the Schwarzschild metric approaches to flat Minkowski spacetime gµν ∼
diag(−1, 1, 1, 1). The event horizon also plays an important role in the geometrical description,
since it actually divides the spacetime in two regions in a sense disconnected. Nothing happening
in the interior region can influence the dynamics of the outside of the event horizon. In the center
of the black hole r = 0, the curvature of the spacetime becomes infinity, which corresponds to a
physical singularity.
A couple of years after Schwarzschild published his work, a metric for black holes with electric
and magnetic charges, called the Reissner-Nordström black hole [32, 33], was found by solving the
Einstein equation with the electromagnetic source term. However, it took almost a half century
before Kerr found a vacuum solution for an axisymmetric spacetime [34] which corresponds to
a rotating black hole. Its maximal analytical extension was derived by Boyer and Lindquist [35].
The Kerr-Newman black hole [36] generalizes the Kerr solution and includes electric and magnetic
charges (see Table 2.1).
Furthermore, there is a general consensus that general relativity would get modified at some
scale of energy and above that quantum corrections becomes non-trivial, in this sense, alternative
theories with better quantum behavior which are also consistent with the experimental tests of
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Spacetime M Q J
Schwarzschild [30] 4 7 7
Reissner-Nordström [32, 33] 4 4 7
Kerr [34, 35] 4 7 4
Kerr-Newmann [36] 4 4 4
Table 2.1: Black hole spacetime specified by three parameter: the mass M , the total charge Q and the
angular momentum J
GR are taken as serious candidates. Generalized theory of gravity which solves the incompatibil-
ity connection between the general relativity and the quantum mechanics has been of physical
importance in the last years. String theory is currently the most important candidate that is
assumed to solve the problem and encompasses GR as a classical limit. Such a generalized theory
as an extension of the GR of Einstein was first studied by D. Lovelock which was pointed out
later by B. Zwiebach [37].
2.1. Lovelock gravity
One of the natural generalization of the Einstein theory of gravity to higher-dimensional
spacetimes (D > 4) was carried out by David Lovelock [38] in 1971, providing a general form for
a tensor, which is conserved, symmetric, quasi-linear in the second derivatives of the metric, and
does not have any higher derivatives. The corresponding Lagrangian is higher-order in curvature
can be written as
L =
k∑
m=0
cm Lm, (2.6)
where cm are arbitrary constants of the theory and Lm corresponds to the m-order Lovelock term
Lm = 1
2m
δµ1ν1...µmνmλ1ρ1...λmρmR
λ1ρ1
µ1ν1
. . . R λmρmµmνm , (2.7)
and R λσµν and δ
µ1ν1...µmνm
λ1ρ1...λmρm
are the D-dimensional Riemann tensor and the generalized Kronecker
delta respectively. The latter is defined by
δµ1µ2...µpν1ν2...νp =
∣∣∣∣∣∣∣∣∣∣∣∣
δµ1ν1 δ
µ1
ν2
. . . δµ1νp
δµ2ν1 δ
µ2
ν2
. . . δµ2νp
...
... . . .
...
δ
µp
ν1 δ
µp
ν2 . . . δ
µp
νp
∣∣∣∣∣∣∣∣∣∣∣∣
= εν1...νp ε
µ1...µp , (2.8)
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where εν1...νp is the Levi-Civita symbol. As we can see, L1 is the Einstein-Hilbert term whereas
L2 is the Gauss-Bonnet combination. By construction, the Lovelock terms vanish for 2m > D,
so that, the Lagrangian in D-dimensional space-times (2.6) contains k ≡ [(D − 1)/2] terms.
Thus, the four-dimensional Lovelock gravity, with c0 = −2Λ and c1 = 1, corresponds to the
Einstein-Hilbert Lagrangian (2.2), being
L0 = 1,
L1 = R.
In five or six dimensions we obtain also the Gauss-Bonnet term (k = 2), which yields a
lagrangian quadratic in the Riemann tensor
L2 = RµνλσRµνλσ − 4RµνRµν +R2. (2.9)
Therefore, the second-order Lovelock theory is also called the Einstein-Gauss-Bonnet theory.
Higher than six dimensional Lovelock theories can also contain higher than second order curvature
corrections, such as
L3 = 24R ρσµν R νρ R νσ − 24R ρσµν R µνρη R ησ + 3RR ρσµν R µνσρ
+8R ρσµν R
µκ
ρη R
νη
κσ + 2R
ρσ
µν R
ηκ
ρσ R
µν
ηκ + 16R
ν
µ R
ρ
ν R
µ
σ
−12RR νµ R µν +R3
and so on, including higher Lovelock terms. Thus, the Einstein-Gauss-Bonnet theory is the
simplest one, when only c2 is nonvanishing, being of special interest in this thesis.
String theory predicts quantum corrections to classical General Relativity and the first relevant
correction corresponds to the Gauss-Bonnet correction. In higher than four dimensional space-
times, the low-energy limit of the heterotic string theory predicts the Gauss-Bonnet correction to
the Einstein action. The Einstein-Gauss-Bonnet action takes the form
SEGB =
1
16piGD
∫
dDxLEGB, (2.10)
where
LEGB = R− 2Λ + α
(
RµνλσR
µνλσ − 4RµνRµν +R2
)
(2.11)
and α = 1/2pi `2s = 2c2 is a coupling constant. The variation of action (2.10) allows one to
find the Einstein-Gauss-Bonnet equation. All the geometrical information is now contained in the
Einstein-Gauss-Bonnet tensor
G νµ = ΛG
ν
(0)µ +G
ν
(1)µ + α G
ν
(2)µ , (2.12)
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where
G
ν
(0)µ = δ
ν
µ, (2.13)
G
ν
(1)µ = R
ν
µ −
1
2
δνµR (2.14)
and
G
ν
(2)µ = R
σρ
λµ R
λν
σρ − 2R λσ R σνλµ − 2R λµ R νλ +RR νµ −
1
4
δνµ
(
R ρδλσ R
λσ
ρδ − 4R σλ R λσ +R2
)
(2.15)
is the contribution to the Einstein equations up to the second order in curvature.
Some time ago higher-dimensional black holes attracted much interest, because it was ex-
pected that the Large Hadron Collider (LHC) might produce the miniature black holes living in
higher than four dimensional spacetime. Another motivation is due to the AdS/CFT correspon-
dence which implies that the dynamics of D−dimensional field theory at finite temperature is
equivalent to a (D+1)−dimensional black hole. In spite of everything said, the original and most
important motivation for the study of higher-dimensional gravity is the String Theory where a
higher number of dimensions is needed for the consistency. Higher-dimensional black holes have
brought forward many new features, which could not have been studied in four dimensions.
2.2. Black-hole solutions
We consider here static spherically symmetric black holes in D dimensions. Thus, the metric
coefficients do not depend on the time coordinate associated with the time-like Killing vector,
orthogonal to the spatial hypersurfaces, and on the n = D − 2 angular coordinates, being the
functions of the radial coordinate only. The corresponding line element can be written in the
form
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2γ¯ijdx
i dxj, (2.16)
where γ¯ij is the metric of the n-dimensional manifold. The vacuum solution of the Lovelock
gravity is given by
f(r) = κ− r2 ψ(r), (2.17)
with the constant curvature κ = −1, 0 or 1 (the latter case, κ = 1, corresponds to the compact
spherical black hole), where ψ(r) satisfies
W [ψ] =
k∑
m=2
[
n cm
2
(
2m−2∏
p=1
(n− p)
)
ψm
]
+
n
2
ψ − Λ
n+ 1
=
µ
rn+1
(2.18)
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and µ is a constant of integration which is related to the ADM mass of the black hole
M =
nµpi(n+1)/2
Γ ((n+ 1)/2)
. (2.19)
Now, let us fix the horizon radius of the black hole at rH which corresponds to one positive
root of the equation f(r) = 0. For Λ ≤ 0, rH is the greatest root. For Λ > 0 the greatest one
corresponds to the cosmological horizon rC , so the horizon radius is the second largest root. From
(2.17), we find ψH ≡ ψ(rH) = κ/r2H . Using this relation and (2.18), we obtain the algebraic
expression for the mass parameter in terms of the horizon radius
W [ψH ] =
k∑
m=2
[
n cm
2
(
2m−2∏
p=1
(n− p)
)
ψmH
]
+
n
2
ψH − Λ
n+ 1
=
µ
rn+1H
µ =
n rn−1H
4
(
2κ+ κm
k∑
m=2
2cm(n− 1)!
(n− 2m+ 1)! r2m−2H
− 4 Λ
n(n+ 1)
r2H
)
. (2.20)
In order to examine the singularity in the solutions, we calculate the Kretschmann scalar
RµνλρR
µνλρ = f ′′ +
2n (f ′)2
r2
+ 2n(n− 1)(κ− f)
2
r4
, (2.21)
where primes denote derivatives with respect to the radial coordinate r.
Hence, a singularity appears either at r = 0 or in a point where f ′ diverges. From (2.17), we
find
f ′ = −2r ψ + r2 ψ′,
and conclude that f ′ diverges only at the point where ψ′ diverges. Taking the derivative of (2.18),
we have
ψ′ = − (n+ 1)µ
r(n+2)∂ψW [ψ]
. (2.22)
Thus, singularities appear either in the points where ∂ψW = 0 or at r = 0.
An exact static vacuum solution of Einstein-Gauss-Bonnet equations can be written as (2.16)
and, (2.18) takes the form
W [ψ] =
αn(n− 1)(n− 2)
4
ψ2 +
n
2
ψ − Λ
n+ 1
=
µ
rn+1
. (2.23)
For κ = 1 we have a compact (spherical) black hole with the event-horizon radius rH which
corresponds to the greatest positive root of the equation f(r) = 0 as we already mentioned
above. Being measured in units of length for any value of D, this quantity is convenient for
parametrization of the black-hole mass, which can be expressed from (2.20) as
µ =
n rn−1H
4
(
2 +
α(n− 2)(n− 1)
r2H
− 4Λ r
2
H
n(n+ 1)
)
. (2.24)
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where α is a coupling constant, which needs in general be a real quantity, and may to be
negative in the context of holography within the AdS/CFT correspondence. In the context of
higher dimensional gravity, the Gauss-Bonnet coupling constant α is positive, since it is inversely
proportional to the square of the string length. The quadratic equation (2.23) has two solutions,
given by
ψ(r) =
1
α(n− 1)(n− 2)
(
ε
√
1 +
4α(n− 1)(n− 2)
n
(
µ
rn+1
+
Λ
n+ 1
)
− 1
)
, (2.25)
where ε = ±1. If the cosmological constant vanishes, the two branches correspond to asymp-
totically flat (ε = 1, f(r) ∼ 1 as r → +∞) and asymptotically anti-de Sitter (ε = −1,
f(r) ∼ 1 + Λ−r2 as r → +∞) solutions.
2.3. Black holes in EGB-dS space-times
Recent observations show that the Universe expands with acceleration and, within General
Relativity, it can be modeled by a de Sitter space, which corresponds to a positive cosmological
constant (Λ > 0). In higher-dimensional spacetimes, de Sitter metric takes the form (2.16)-
(2.17), where the function ψ(r) take the form of (2.25) for ε = 1. Moreover, the cosmological
constant Λ can be parametrized as
Λ =
n(n+ 1)
2
(
rn−1C − rn−1H
rn+1C − rn+1H
+
α(n− 1)(n− 2)
2
rn−3C − rn−3H
rn+1C − rn+1H
)
, (2.26)
where rC > rH is the cosmological horizon.
In the limit rC → rH we obtain the extremal value of the cosmological constant, which is
given as follow
Λextr =
n(n− 1)
2r4H
(
r2H +
(n− 2)(n− 3)
2
α
)
. (2.27)
Limit rC → +∞ corresponds to the asymptotically flat spacetime (Λ = 0). Hereafter we measure
all the quantities in units of the event horizon, i.e., we introduce dimensionless parameters,
0 ≤ rH
rC
< 1 and α
r2H
≥ 0, while frequencies are measured in units of the inverse horizon radius
r−1H .
For an observer placed between rC and rH (horizon radius), static black-hole solutions (2.17)
and (2.25) in an asymptotically de Sitter space are limited by the event horizon and the cosmo-
logical horizon rC ≥ rH in the spatial coordinate, where the cosmological horizon approaches to
the event horizon for higher values of the cosmological constant (as we can see in the figure 2.1).
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Figure 2.1: Event horizons and cosmological horizons (Λ1 < Λ2 < Λ3) are two roots of f(r) = 0.
Furthermore, if ε = 1, the limit α→ 0 of the Einstein-Gauss-Bonnet gravity leads to a higher-
dimensional solution of the Einstein theory – Schwarzschild-Tangherlini -de Sitter spacetime
f(r) = κ− 2r
2
n
(
µ
rn+1
+
Λ
n+ 1
)
, (2.28)
Λ =
n(n+ 1)
2r2C
. (2.29)
2.4. Black-hole thermodynamics
In 1970, Demetrios Christodoulou [39] introduced the term of irreducible mass mir, as a
nondecreasing quantity for a particular process of the stationary axisymmetric solution of Einstein
equation (Kerr black hole). It turns out that mir is proportional to the square root of the black
hole area m2ir = AH/16pi, thus, it implies that the area always increases. This result is currently
known as the second law of the thermodynamics or Hawking area theorem since in 1971 Stephen
Hawking [40] gave a general proof of this statement within classical general relativity. As the mass
increases because of the matter falling into the black hole we observe the growth of the black-hole
size. In 1973, Bekenstein [41] argued that black holes should have a finite entropy proportional to
the area of the event-horizon surface, though this could contradict the fact that they have zero
temperature and the second law of the thermodynamics (which states that entropy of any closed
system can never decrease) might be violated. Bekenstein indicated that actually the second law
is not violated, considering that the entropy of the universe S including that of the black hole
SH cannot decrease whatever happens. Some months later, J.M. Barden, B. Carter and S.W.
Hawking [42] proposed the four laws which were very similar to the laws of thermodynamics.
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Zeroth law : The surface gravity κH is constant over the event horizon.
First law : The variation of the black-hole mass M (energy) is related to the variations of
the angular momentum J and charge Q, in such a way that its area plays a role of the
entropy
δM =
~κH
2pi GN
δAH + ΩH δJ + ΦH δQ. (2.30)
Second law : In any classical process, the area of the black hole event horizon never
decreases.
Third law : In any physical process it is not possible to reduce the surface gravity κH to
zero.
The zeroth law would be the analogue of the thermal equilibrium (T constant) of a thermody-
namical system. Since TH ∝ κH and the surface gravity κH is constant on the horizon, thus the
temperature is also constant on the event horizon. The first law and considering the proportional
relation between the area of stationary black hole and the entropy
SH =
AH
4l2s
, l2s = ~G/c3, (2.31)
where ls is the Planck length, show that any variations of the black hole mass are expressed
as contributions of variations in the angular momentum, charge or entropy. Once quantum
mechanics comes into play we need to modify the second law, because Hawking radiation implies
reducing the surface area of the black hole. Thus in terms of the black hole entropy SH , the
correct statement of the second law would be, the entropy of the universe S = SH +Sext cannot
decrease, where Sext is the entropy of the world excluding the black hole. Furthermore, the third
law discards the formation of extremal configurations in any physical process, like the extremal
charged and extremal Kerr black holes, since they violate the statement.
Yet, physical temperature of a classical black hole is considered as absolute zero, so no
physical relation between κH and TH could be established and, consequently, it also would be
inconsistent to assume a physical relation between SH and AH . Some years later, Hawking
solved this apparent paradox, by using quantum theory. In the presence of a quantum field near
the horizon Hawking proved that a black hole behaves like a black body, having a characteristic
thermal spectrum given by the effective temperature
TH =
~κH
2pick
. (2.32)
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This temperature has not been directly observed yet. For an astrophysical black hole, Hawk-
ing’s temperature is some orders of magnitude lower than the cosmic microwave background,
which makes it practically impossible to measure. Furthermore, the thermodynamics of the Love-
lock theory has been studied during the recent years. The zeroth law has been shown to hold
in [43] when the matter satisfies the dominant energy condition. The first law was also verified
and used in [44, 45] in order to obtain the expression for the entropy of Lovelock black holes. An
extended version of the first law has also been proposed in [46], where the Lovelock couplings
play the role of extra thermodynamic variables. It has been shown in [47–49] that the second law
holds for general Lovelock theories. Some studies of the third law can be also found in [50]. For
static spherically symmetric black holes (2.16), the Hawking temperature is
TH =
f ′(r+)
4 pi
. (2.33)
2.5. Gravitational perturbations
On February 11th 2016 there was the first announcement of gravitational wave observations
by LIGO and Virgo collaborations [10, 11] from a pair of merging binary black holes. This
observation gave birth to a new era of gravitational waves astronomy of astrophysical compact
objects. There are, up today, 11 confirmed gravitational waves detections being 10 from binary
black holes (BBH) mergers and one from a binary neutron star (BNS) spiral GW170817. Three
BBH reported in its first observing run (O1) [11, 51] from 12th September 2015 to 19th January
2016, others three BBH and one BNS were reported in the second run O2 from 30th November
2016 to 25th August 2017. After refining of estimates, 4 news detections (initially considered as
false alarms) were renamed as gravitational wave (GW) signals [52].
Theoretical treatment of gravitational perturbations in the linear approximation was widely
studied in 4-dimensional and higher spacetimes. When adding a small perturbation hµν to the
unperturbed metric (2.16) labeled by g0µν ,
gµν → g0µν + hµν , |hµν |  |g0µν |, (2.34)
the linearized equation for hµν is derived using the new perturbed metric in the Einstein-Gauss-
Bonnet equation. The variation of (2.12), for vacuum spacetimes
δG νµ = Λ δG
ν
(0)µ + δG
ν
(1)µ + α δG
ν
(2)µ = 0, (2.35)
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leads to a second order differential equation for hµν . It is convenient to represent the tensor
components of hµν with respect to the transformation law under rotations on the (D−2)-sphere.
The linear perturbations, then, can be classified into tensor, vector, and scalar types denoted by
s, v, and t, respectively,
hµν =

s s v · · · v
s s v · · · v
v v t · · · t
...
...
... . . .
...
v v t · · · t

, (2.36)
each of which can be treated independently from the others. After a lot of algebra and separation
of variables, the gravitational perturbation equations within the EGB de Sitter theory can be
reduced to a second-order master differential equations with some effective potentials,(
∂2
∂ t2
− ∂
2
∂ r2∗
+ Vi(r(r∗))
)
Ψ(t, r(r∗)) = 0, (2.37)
where i stands for t (tensor), v (vector), and s (scalar) perturbations and r∗ is the tortoise
coordinate, which satisfies dr∗ = dr/f(r). The explicit form of the effective potential is given in
the following subsections. We will present a brief summary of this approach to the perturbation
analysis applied to the Einstein-Gauss-Bonnet gravity [53].
2.5.1. Tensor-type perturbations
Under transverse (hµν;λ = 0) and traceless (h µµ = 0) conditions, tensor-type perturbations
take the form
hµν =

0 0
0 0
0 · · · 0
0 · · · 0
0 0
...
...
0 0
(
h¯ij
)

. (2.38)
Since, h¯ij is a tensor on the unit surface of constant curvature, Sκn, it can be expanded in tensor
harmonics Tij, as h¯ij = r2φ(t, r)Tij, satisfying(∇¯k∇¯k + κ2t )Tij = 0, Tij;k = 0, T ii = 0, (2.39)
where κ2t are discrete eigenvalues κ
2
t = `(`+n−1)−2, (` = 2, 3, . . .) for κ = 1, and real positive
values for κ = −1, 0. In order to find a master perturbation equation, we substitute (2.39) into
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(2.35). After some algebra the resultant equation is the master second-order differential equations
given by (2.37) and the effective potential for tensor-type perturbation is
Vt(r) =
`(`+ n− 1)f(r)T ′′(r)
(n− 2)r T ′(r) +
f(r)
R(r)
d
dr
(
f(r)
dR(r)
dr
)
, (2.40)
where
T (r) = rn−1
(
1 + r−2α(n− 1)(n− 2)(κ− f(r))) , (2.41)
R(r) = r
√
T ′(r). (2.42)
2.5.2. Vector-type perturbations
Taking the Regge-Wheeler gauge, the vector-type perturbations are given by
hµν =

0 0
0 0
(r fa Vi)
Sym
0 · · · 0
... . . .
...
0 · · · 0

(2.43)
where fa is a function of (t, r), “Sym” represents the symmetric part of hµν , Vi are vector
harmonics, defined on Sκn, and satisfying the divergence-free condition(∇¯k∇¯k + κ2v)Vi = 0, ∇¯iVi = 0, (2.44)
where κ2v are discrete eigenvalues κ
2
v = `(` + n − 1) − 1, (` = 2, 3, . . .) for κ = 1, and real
non-negative numbers for κ = 0,−1. In the same way as for the tensor-type perturbations, we
reduce the linear Lovelock equations (2.35) to the master equation (2.37). Therefore the explicit
form of the effective potential is given by
Vv(r) =
(`− 1)(`+ n)f(r)T ′(r)
(n− 1)r T (r) + f(r)R(r)
d
dr
(
f(r)
d
dr
(
1
R(r)
))
. (2.45)
Note that we have not assumed any particular form for f(r), so that the Schrödinger-type master
equations govern linear perturbations of any given static spherically symmetric spacetime within
the Lovelock theory.
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2.5.3. Scalar-type perturbations
For the scalar-type perturbations of static spherically symmetric black holes (2.16) we use the
Zerilli gauge,
hµν =
 (FabS) (rFa Si)
Sym
(
2r2HL γ¯ij S
)  . (2.46)
where Fa, Fab, HL are functions of (t, r), “Sym” represents the symmetric part of hµν , and S is
a scalar harmonic (
∆¯ + κ2s
)
S = 0, (2.47)
and Si is the scalar-type vector harmonic
Si = − 1
κs
∇¯i S, (2.48)
which satisfies
(
∆¯ + κ2s − (n− 1)κ
)
Si = 0, (2.49)
∇¯i Si = κs S. (2.50)
where κ2s are discrete eigenvalues κ
2
s = `(` + n − 1), (` = 2, 3, . . .) for κ = 1, and real non-
negative numbers for κ = 0,−1. It is always possible to expand the perturbation hµν in scalar
harmonics, then, the Lovelock equation δGµν = 0 can be reduced again into a master equation
(2.37), where the effective potential is
Vs(r) =
2`(`+ n− 1)f(r)
nr2B(r)
d
dr
(r B(r)) + f(r)B(r)
d
dr
(
f(r)
d
dr
(
1
B(r)
))
, (2.51)
and
B(r) =
2(`− 1)(`+ n)− nr3ψ′
R(r)
T (r). (2.52)
2.6. Quasinormal modes and stability
Small perturbations of a black hole lead to emission of gravitational waves dominated by
damped oscillations, which are characterized by a set of complex frequencies ω. The real part
Re(ω) describes the oscillation frequency of the perturbation whereas the imaginary part Im(ω)
shows us the rate of decay (see Fig. 2.2). These complex frequencies are called quasinormal
modes, since the waves lose energy at the event horizon of a black hole and at spatial infinity.
Moreover, the quasinormal frequencies (QNMs) depend on the parameters of the black hole, such
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as mass M , charge Q, and angular momentum J and do not depend on the way of the initial
perturbation. In this sense, the QN frequencies are called the fingerprint of the black hole.
Figure 2.2: Oscillatory decay of black hole perturbations (quasinormal ringing).
In order to study quasi-normal spectrum of a black hole it is convenient to make the following
transformation for the function in (2.37),
Ψ(t, r) =
∞∑
n=0
Φωne
−iωnt, (2.53)
where ωn are the quasinormal spectrum and the functions Φωn satisfy the linear equation(
d2
dr2∗
+ ω2 − Vi(r)
)
Φω(r) = 0. (2.54)
The Schrödinger wave-like equation with the appropriate boundary conditions, such as
r∗ → −∞ : Φω ∝ e−iωr∗ , (2.55)
r∗ → +∞ : Φω ∝ e+iωr∗ , (2.56)
leads to the discrete spectrum of frequencies mentioned above. These boundary conditions are
purely ingoing wave at the event horizon and outgoing wave at the cosmological horizon if Λ > 0.
For asymptotically flat solutions (Λ = 0), the boundary condition at the event horizon is the same
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and the one at spatial infinity is purely outgoing. It is clear, that a black hole can exist only if
its perturbations are of a finite amplitude. If the perturbations grow infinitely, the black hole is
unstable. We observe, therefore, that the parametric threshold of instability happens when the
imaginary part of the dominant mode is zero. Gravitational signal from a perturbed black hole is
dominated by a nonoscillatory tail at late times (see Fig. 2.3), and the threshold of the instability
happens when the “tail” changes from decaying to the growing one.
Figure 2.3: Evolution of perturbations near the threshold of instability.
QNMs and linear (in)stability were studied by several researchers within the context of Ein-
stein’s gravity. Moreover, Gauss-Bonnet gravity was also under consideration, as far as we are
aware, first in 1989 by B.R. Iyer, S. Iyer and C.V. Vishveshwara [54]. There, they analyzed scalar
field around a neutral black hole in six dimensions within the Einstein-Gauss-Bonnet gravity.
Around 15 years later, R. Konoplya [55] studied modes in five and six dimensions for the charged
configuration. It gave rise to further publications in this area, for example, for black holes in the
asymptotically de-Sitter (dS) and anti-de-Sitter (AdS) backgrounds [56]. Test fields analyzed by
the time-domain integration [56–58] showed linear stable perturbations. In addition, linear gravi-
tational perturbations of the asymptotically flat Gauss-Bonnet black holes [4, 59] found unstable
solutions and similar instabilities occurs also for asymptotically A(dS) spacetimes, though an ex-
tensive study showed that gravitational perturbations become stable for lower multiple numbers
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Type of black hole Test fields Tensor-type Vector-type Scalar-type
Gauss-Bonnet [55–58] [5, 59] [4, 5]
Lovelock - [53, 61, 62] [53, 61, 62]
Lovelock with charge - [63] [64]
Pure Lovelock - [65] -
Gauss-Bonnet-AdS [56] [60]
Gauss-Bonnet-dS [56] [24, 60]
Table 2.2: Review of papers on quasinormal modes, (in)stability in linear perturbations of black holes in
the modified Lovelock theory.
and lower α-coupling parameter [5]. The following natural step would be to study the stability
of black holes in asymptotically de-Sitter spacetimes, which is the main work of the first part of
this thesis, and is summarized in a work [24]. Moreover, there were already found instabilities for
black holes in asymptotically AdS spacetime in the EGB configuration within linear perturbations
in some region of parameters [60].
In the general Lovelock theory, there were found instabilities of gravitational perturbations
for sufficiently small black holes [53, 61, 62], then extended to the charged black hole [63, 64]
and to the purely Lovelock black hole [65]. We summarize the existing literature on this topic
for black holes in the Lovelock theory in Table 2.2.
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Chapter 3
Numerical Methods
3.1. Characteristic integration
In our case, since the dynamical wave-like equation (2.37) has a cumbersome form. The
most straightforward way to prove (in)stability is to integrate the master equation numerically in
the time domain which takes into consideration contributions from all the modes. We use the
discretization scheme proposed by Gundlach, Price, and Pullin [23]. This method was used for
calculation of quasinormal modes in a great number of works (see reference in [7]). Comparisons of
the time-domain numerical data with the accurate frequency-domain calculations show excellent
agreement not only in cases when a black hole is stable, but also near the onset of instability.
Rewriting (2.37) in terms of the light-cone coordinates du = dt − dr∗ and dv = dt + dr∗,
one finds that
4
∂2 Ψ
∂u∂v
= −Vi(v − u
2
)Ψ. (3.1)
The discretization scheme has the following form
Ψ(N) = Ψ(W ) + Ψ(E)−Ψ(S)
−∆
2
8
V (S) [Ψ(W ) + Ψ(E)] +O(∆4), (3.2)
whereN ,W , E and S are the points in a grid with step ∆ in the discretized u-v plane: S = (u, v),
W = (u, v + ∆), E = (u + ∆, v) and N = (u + ∆, v + ∆). With the initial data specified
on two null-surfaces u = u0 and v = v0 we are able to find values of the function Ψ at each
point of the grid (See figure 3.1). Since quasinormal modes and the asymptotical behavior of
perturbations do not depend on initial conditions (as confirmed by several numerical simulations),
we set Ψ(u, v0) = 0 on the u-axis and consider the Gaussian wave initial data on the v-axis.
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Figure 3.1: Grid of step ∆ in light-cone coordinates plane. The blue points represent the initial data.
This discretization scheme requires a number of operations which is proportional to ∆−2,
what implies that the corresponding accumulated error is O(∆2). By decreasing the step ∆ for
the same initial data, we check the convergence of the integration scheme. Here we present
the resulting profiles for the sufficiently small step ∆, such that its further decreasing does not
change the time-domain picture. Another source of error comes from numerical truncations in
computations which we control by increasing precision of the floating-point arithmetics.
In order to determine the effective potential in each point of the grid, we need to calculate
r(r∗) = r((v − u)/2). We solve numerically the equation dr∗ = dr/f(r) using the Explicit-
Runge-Kutta method implemented in the NDSolve procedure of Wolfram Mathematica, then
we invert the function using the Newton-Raphson method in order to evaluate the effective
potential at each point of the grid in the (u, v)-plane. By applying the discretization scheme
we calculate the amplitude of the wave function Ψ for all the points of the grid. The diagonal
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elements (u = v) correspond to the time evolution of the perturbation at fixed coordinate
Ψ(t = n∆, r∗ = (v0 − u0)/2).
3.2. Prony’s method
In order to find the quasinormal modes from the exponentially damping profile of the temporal
evolution, we employ a direct approach known as the Prony’s method considering the fitting of
the profile data {Ψ(0),Ψ(∆) · · ·Ψ((N − 1)∆)} by a linear combination of damping exponents,
such
Ψ(t) =
p∑
k=1
ake
−iωkt, (3.3)
where ωk are complex numbers corresponding to the quasinormal frequencies and ak are coeffi-
cients of the expansion. Since the data is discretized Ψ(n∆), n = 0, · · · , N and ∆ is the step
of the discretization, we have
Ψ(n∆) =
p∑
k=1
ak
(
e−iωk∆
)n
,
Ψ(n∆) =
p∑
k=1
akη
n
k .
where ηk = e−iωk∆. In order to find the values of ηk, and thus ωk, we consider a polynomial
equation, such that ηk are its roots,
∏p
k=1(η − ηk) = 0. We rewrite the equation as
p∏
k=1
(η − ηk) =
p∑
m=0
cmη
p−m ⇒
p∑
m=0
cmη
p−m
k = 0, c0 = 1, (3.4)
where cm are the unknown coefficients. Let us consider the following expression,
p∑
m=0
cmΨ((n−m)∆) =
p∑
m=0
cm
p∑
k=1
akη
n−p
k η
p−m
k ,
=
p∑
k=1
akη
n−p
k
p∑
m=0
cmη
p−m
k ,
= 0.
Since c0 = 1 we obtain
p∑
m=1
cmΨ((n−m)∆) = −Ψ(n∆), (3.5)
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or, explicitly, in the matrix form
Ψ((p− 1)∆) Ψ((p− 2)∆)
Ψ(p∆) Ψ((p− 1)∆)
· · · Ψ(0)
· · · Ψ(1)
...
...
Ψ((N − 1)∆) Ψ((N − 2)∆)
. . . ...
· · · Ψ((N − p)∆)

︸ ︷︷ ︸
M

c1
c2
...
cp

︸ ︷︷ ︸
C
= −

Ψ(p∆)
Ψ((p+ 1)∆)
...
Ψ(N∆)

︸ ︷︷ ︸
N
.
The system of linear equations is overdetermined, and can be solved in the least-squares sense
C = − (M+M)−1M+N,
where, M+ is the hermitian transposition of M . Moreover, C represent the column matrix
with the coefficient of the polynomial equation (3.4) we can determine, by numerical NDSolve
procedure, the roots ηk. Once we calculate the coefficients C, we can solve numerically the
polynomial equation (3.4) with respect to
ηk = −e−iωk∆ ⇒ ωk = i
∆
ln(ηk). (3.6)
Since the wave-like equation (3.1) is real, for each frequency ω, we obtain also its conjugate,
(−ω∗)∗, as a solution to (3.4).
Practically, the Prony’s method allows us to determine at most the first three modes, because
numerical error dominates over the contribution of higher overtones. For our purpose it is usually
sufficient to determine the fundamental mode only.
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Chapter 4
(In)Stability in GB de Sitter black
holes
In this chapter, we will study stability regions for higher dimensional black hole which are
asymptotically de Sitter ones (Λ > 0). In order to determine the (in)stability regions, we use
the characteristic integrations starting from the temporal profiles described in section 3.1. It
was observed in [5] that the accurate computation of ψ(r) of (2.25) requires higher precision of
arithmetic operations. We use its alternative equivalent form
ψ(r) =
4
(
µ
rn+1
+ Λ
n+1
)
n+
√
n2 + 4αn(n− 1)(n− 2) ( µ
rn+1
+ Λ
n+1
) , (4.1)
which apparently allows us to decrease the relative error. In order to check the stability of
the algorithm, we compare the profiles found with the floating-point arithmetics of different
precision. In particular, we observe that the double precision arithmetics (64 bits) is sufficient
for our computations. We have also compared the obtained time-domain profiles for Λ = 0 with
those obtained with the high-precision code in [5] and found that the difference is smaller than
the discretization-scheme error order.
After fixing the horizon radius rH and the dimension D, the solution depends on two-
parameters, Λ and α, which are the cosmological constant and the coupling parameter, respec-
tively. Varying these parameters, the time-domain integration allows us to catch the threshold of
instability. We had to obtain a great number of profiles in order to distinguish between a typical
damped (stable) or a growing (unstable) time-domain profiles near the threshold of instability.
Such profiles look as shown on fig. 4.1.
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Figure 4.1: Nonoscillatory temporal profiles for scalar perturbations for α = 0.5r2H . The stable (red) and
unstable (blue) profiles correspond to Λ = 0.8/r2H and Λ = 0.9/r
2
H .
4.1. Stability regions
The results of our numerical time-domain integration at various values of parameters of GB-
dS black holes will be show in this section. Looking for a threshold of instability, we observed
instability in scalar and tensor channels of perturbations, while the vector sector showed no
growing time-domain profiles.
4.1.1. Instability of tensor-type perturbations
In tensor-type perturbation, we found that the most unstable mode develops at ` =∞ which
is why this type of instability is called the eikonal instability, emphasizing the fact the regime of
geometrical optics. It means that the region of stability is getting smaller when going over to
higher multiple numbers ` represented in the (rH/rc, α/r2H)-plane. In order to catch the threshold
limit at ` =∞, we fixed the cosmological constant Λ (rH/rc is fixed) and consider the critical α
as a function of the inverse multiple number α(`−1). Then, after a linear extrapolation of several
higher multiple numbers, the critical value of αcrit is reached. Moreover, the effective potential
for the tensor-type perturbations has a negative gap outside the black hole, near its event horizon.
Although intuitively, increasing of the multipole number ` should lead to a higher barrier of the
effective potential, this is not the only effect that comes from increasing `. The higher `, the
deeper is the negative gap, so that, quite contr-intuitively, the higher ` are more unstable.
The parametric region of in(stability)of black holes for tensor-type perturbations in (D = 6)
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Figure 4.2: Stability/instability regions for tensor-type gravitational perturbations in (D = 6)-dimensional
Gauss-Bonnet-de Sitter spacetimes. This is the eikonal instability with the ` =∞ most unstable mode.
dimensions is shown in fig. 4.2. For higher dimensions (D > 6), as well as D = 5, the tensor-type
perturbations do not show instability at least to our numerical treatment. From fig. 4.2, we can
observe that small black holes are always unstable and sufficiently large black hole are stable.
Moreover, for a fixed value of α, the threshold of instability is reached at some critical value
fraction designated by µc = rH/rC corresponding to the limit ` → ∞. Apparently, this critical
value fraction µc approaches to some constant value for large α. In this sense, there should exist a
minimum value µC such that black hole with rH/rC > µc are stable against tensor perturbations
in Gauss-Bonnet-de Sitter gravity for any values of coupling constant α. It is worth mention that,
our results in the limit of the asymptotically Minkowski spacetime (rC → ∞, corresponding to
α/r2H-axis in fig. 4.2), are in concordance with the results presented in [5].
4.1.2. Instabilities of scalar-type perturbations
In the scalar channel, we can observe that temporal profiles with unbounded growth (unstable)
show nonoscillatory behavior near the threshold of instability. This characteristic is in agreement
with the statement proved in [66], that unstable mode cannot be oscillatory for spherically
symmetric black hole perturbations.
Analyzing the scalar-type of gravitational perturbations for D ≥ 5, we can observe that a new
kind of instability is present for black holes with both sufficiently large values of parameters α
and Λ, corresponding to the GB coupling parameter and cosmological constant respectively (see
fig. 4.3 and fig. 4.4). This new kind of instability occurs for the lowest multiple number ` = 2
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Figure 4.3: Stability/instability regions for scalar-type gravitational perturbations in 5 dimensions. Upper
right corner corresponds to the Λ-instability, while the lower right corner – to the eikonal instability. The
overlap of regions of both types of instability produces the instability region for D = 5 case.
Figure 4.4: Stability/instability regions for scalar-type gravitational perturbations in D = 6, D = 7, and
D = 8 (from left to right).
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(unlike the eikonal instability) and, therefore, is not related to the non-hyperbolicity problem
of the differential equations. We can note that this kind of instability does not appear in the
asymptotically flat case [66], therefore, we will call it Λ-instability throughout this thesis.
For D = 5, we can observe from fig. 4.3, both kinds of instabilities (Λ- and eikonal instabil-
ity) take place in the parametric representation (α/r2H , rH/rC). The right peak represents the
intersection of both thresholds which occurs close to Λ = 1.6r2H(rH = 0.6rC), so that the upper
curve corresponds to the Λ-instability and the lower one corresponds to the eikonal instability. In
this sense, there is no minimal critical value µ = rH/rC , for black holes to be stable for arbitrary
values of α-coupling parameter. From fig. 4.3, the parametric region has two regimes of instability:
a) Small D = 5 black holes are unstable once the GB-coupling is larger than some critical
value (for a given rH/rC) α = αcrit The instability region is dominated by the eikonal ` = ∞
regime.
b) Large D = 5 black holes are unstable for values of the coupling α above some critical (at
a given rH/rC). This instability happens only ` = 2 modes.
Figure 4.5: Scalar type of gravitational perturbations: Critical value of α, corresponding to the threshold
of instability as function of rH/rC in dimensions 6, 7, and 8.
On fig. 4.4, we show that in higher than five dimensions of spacetime the scalar sector of the
gravitational perturbations is stable for small black holes for arbitrary GB-coupling parameter.
For an arbitrary size of Gauss-Bonnet black hole, the threshold of instability is reached for a
sufficiently large value of the cosmological constant Λ, so that, there is a maximum value of µc
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D=6 D=7 D=8
rH/rc(Λ r
2
H) α/r
2
H
0.662(4) 0.197
0.768(5) 0.180
0.884(6) 0.162
0.935(6.4) 0.155
1 (6.876) 0.146
rH/rc(Λ r
2
H) α/r
2
H
0.737(9) 0.150
0.792(10) 0.138
0.912(12) 0.119
0.980(13) 0.111
1 (13.27) 0.109
rH/rc(Λ r
2
H) α/r
2
H
0.845(19) 0.109
0.881(20) 0.103
0.957(22) 0.093
0.999(23) 0.089
1 (23.01) 0.089
Table 4.1: Scalar type of gravitational perturbations: Critical values of α corresponding to the threshold
of instability. The bottom line is an extrapolation of the numerical data to the extremal Λ
such that for rH < µcrC these black holes are stable. Moreover, Gauss-Bonnet black holes for
D ≥ 5 are stable for all rH/rC , including the extremal limit rH = rC for the coupling parameter
α lower than a some αcrit, which depends on spacetime dimension D. This minimum value
decreases as D grows, what can be seen in fig. 4.5 and in the table 4.1.
4.1.3. Overlap of instabilities of tensor- and scalar-type perturba-
tions
First of all, we would like to remind that the vector-type of perturbations show dynamical
stability for all D. Then, D = 7, 8, . . . black holes have only the Λ-instability in the scalar-type
of gravitational perturbation. The regions of this instability are shown on figs. 4.4 and 4.5. For
D = 5 and D = 6 dimension spacetimes we obtain more complicated regions of instability, which
are determined by the overlapping of Λ-instability (` = 2) and eikonal instability (` = ∞): in
the case of D = 5 the Λ-instability in the scalar channel combines with the eikonal instability
in the same channel (fig. 4.3), while for D = 6 the Λ-instability in the scalar channel combines
with the eikonal instability in the tensor channel (fig. 4.6). The complete region of instability
of a black holes consists of a combination of the instability regions of all types of gravitational
perturbations. Accordingly, the black-hole stability region is the overlap of the corresponding
stability regions.
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Figure 4.6: Stability/instability regions for gravitational perturbations in D = 6 as overlap of the Λ-
instability in the scalar channel and eikonal instability in the tensor channel.
4.2. Hod’s conjecture for GB - de Sitter
In 2007, Shahar Hod formulated an interesting conjecture [13], stating the black holes could
be considered as the most extreme thermodynamical objects in nature because relaxation times
(time required for a perturbing system to return to an equilibrium state) are of the same order
of magnitude as the minimum relaxation timescale τmin = ~/piTH . Since the fundamental mode
of the black-hole quasinormal spectrum gives the dynamical relaxation timescale τ for a generic
perturbation, the Shahar Hod’s proposal leads to an upper bound in the imaginary part which
depends on the Hawking temperature of the black hole. Namely, he argued that
|Im(ω)| ≤ piTH , (4.2)
where TH is the Hawking temperature. For static spherically symmetric black holes, it is given
by (2.33).
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Using numerical and analytical results for quasinormal modes of four- and higher-dimensional
Schwarzschild [67], Schwarzschild-de Sitter [68] and Schwarzschild-anti-de Sitter black holes [69]
Hod illustrated that his inequality is fulfilled for asymptotically flat black holes as well as for
non-asymptotically flat ones. The arguments were based on semi-classical consideration and
thermodynamic ideas.
Figure 4.7: Variation of the real (left panel) and imaginary (right panel) parts of the dominant quasinormal
mode as functions of rH/rC for scalar-type perturbations in 5 dimensions.
We verified whether Hod’s proposal is valid for a more general Einstein-Gauss-Bonnet-de Sitter
black hole solution. We present here an analysis for D = 5 dimensional black hole for some free
parameters (Λ, α), which correspond to gravitationally stable regions. The break down of the
inequality at the onset of instability would be a perfect proof of the proposal. However, fig. 4.7
shows that the lowest mode of the scalar type of gravitational perturbations have the imaginary
part Im(ω) for which
|Im(ω)| > piTH , (4.3)
for α = 0.2r2H in the range 0.5 . rH/rC . 0.94, that is inside the stability region according
to fig. 4.3. Nevertheless, vector and tensor perturbations in the stable sector (for α = 0.2r2H),
unlike scalar perturbations, do not breakdown the conjecture, as we can see in (fig. 4.8). The
corresponding data of the figures above mentioned are shown in Tables 4.2 and 4.3, which was
obtained from the Prony’s method described in the section 3.2.
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Figure 4.8: Variation of the imaginary part of the dominant quasinormal mode with respect to rH/rC
for vector- and tensor-type perturbations in 5 dimensions for α = 0.2r2H .
Scalar-type perturbation
α =0.001r2H α =0.1r
2
H α =0.2r
2
H
rH/rC QNMs pi TH QNMs pi TH QNMs pi TH
0.103 0.9315-0.2553ı˙ 0.4886 0.8087-0.2453ı˙ 0.4080 0.7376-0.2567ı˙ 0.3497
0.209 0.8862-0.2531ı˙ 0.4574 0.7595-0.2435ı˙ 0.3819 0.6841-0.2563ı˙ 0.3274
0.302 0.8231-0.2473ı˙ 0.4158 0.6922-0.2376ı˙ 0.3472 0.6110-0.2516ı˙ 0.2976
0.392 0.7437-0.2359ı˙ 0.3659 0.6099-0.2251ı˙ 0.3056 0.5223-0.2395ı˙ 0.2619
0.447 0.6884-0.2255ı˙ 0.3327 0.5544-0.2137ı˙ 0.2778 0.4632-0.2278ı˙ 0.2381
0.500 0.6313-0.2127ı˙ 0.2994 0.4987-0.1999ı˙ 0.2500 0.4047-0.2133ı˙ 0.2143
0.577 0.5420- 0.1894ı˙ 0.2495 0.4149-0.1752ı˙ 0.2083 0.3188-0.1868ı˙ 0.1786
0.655 0.4478-0.1611ı˙ 0.1996 0.3312-0.1464ı˙ 0.1667 0.2362-0.1548ı˙ 0.1429
0.707 0.3818-0.1396ı˙ 0.1663 0.2755-0.1251ı˙ 0.1389 0.1842-0.1307ı˙ 0.1190
0.788 0.2774-0.1033ı˙ 0.1164 0.1922-0.0906ı˙ 0.0972 0.1131-0.0908ı˙ 0.0833
0.845 0.2035-0.0764ı˙ 0.0831 0.1369- 0.0660ı˙ 0.0694 0.0725-0.0632ı˙ 0.0595
0.935 0.0851-0.0322ı˙ 0.0333 0.0544-0.0272ı˙ 0.02778 0.0234-0.0241ı˙ 0.0238
Table 4.2: Quasinormal frequencies and piTH in the scalar channel for α = 0.001 , 0.1 and 0.2, obtained
in order to check the Hod’s conjecture. The first column corresponds to the ratio rH/rC where the data
were determined
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Vector-type Tensor type
rH/rC QNMs pi TH QNMs pi TH
0.500 0.6132-0.2029ı˙ 0.2143 1.0337- 0.2046ı˙ 0.2143
0.577 0.5102-0.1706ı˙ 0.1786 0.8786- 0.1708ı˙ 0.1786
0.655 0.4088-0.1372ı˙ 0.1429 0.7199- 0.1370ı˙ 0.1429
0.707 0.3417- 0.1148ı˙ 0.1190 0.6112- 0.1144ı˙ 0.1190
0.788 0.2411- 0.0808ı˙ 0.0833 0.4419- 0.0806ı˙ 0.0833
0.845 0.1735- 0.0580ı˙ 0.0595 0.3235- 0.0579ı˙ 0.0595
0.935 0.0705- 0.0235ı˙ 0.0238 0.1349- 0.0235ı˙ 0.0238
Table 4.3: Quasinormal frequencies and piTH in the vector and tensor channels for α =0.2, obtained in
order to check the Hod’s conjecture. The first column corresponds to the ratio rH/rC where the data
were determined
Our results imply the following: If we admit that, a black hole could be excited only in
the scalar channel, i.e. the vector and tensor sector could have zero excitation factors, the
counterexample for the Hod’s proposal would be provided. Even though the three types of
gravitational perturbations can be analyzed independently within the linear approximation, we
do not believe that it would be easy to prepare such process of “purely scalar” perturbation in
nature. An immediate reason for this is the fact that, although a classical black hole preserves all
the geometrical symmetries given by a set of Killing vectors, tiny quantum fluctuations definitely
break down the exact symmetries and within the quantum picture, the separation of a real process
of perturbation into fully independent scalar, vector and tensor channels would apparently be
impossible. In other words, if due to specially prepared initial perturbations only one of the
channels (scalar) is excited, then the other two channels (vector and tensor) inevitably acquire
some, whatever small, but nonzero, excitations. Therefore, we conclude that here we rather
confirmed the Hod’s proposal than disproved it.
We can also see that the higher value of the α-coupling is, the quicker Hawking temperature
grows with respect to the oscillation frequency. The decay rate of oscillation, Im(ω)/pi TH
reaches a constant value when approaching the extremal state. Indeed, the imaginary part of the
QNM approaches zero for extremal black holes, so that Im(ω) ∝ TH ≈ 0 for rH ≈ rC . In the
limit α → 0 quasinormal modes of the Einstein-Gauss-Bonnet black hole go over into those of
(asymptotically de Sitter) Tangherlini black holes in Einstein theory [70, 71].
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Chapter 5
Wormholes in Higher-Curvature
gravity
In 1916, Ludwing Flamm, when examining Schwarzschild’s solution, realized that Einstein’s
equations allowed for another solution (currently known as white hole). In contrast to black
holes, white holes eject matter and light from their event horizon. In this sense, a black hole
is an “entrance” and a white hole is an “exit” of such matter and light. These two solutions
could represent two different regions which would be spacetime connected by a conduit, named
later a “bridge” by Einstein and Rosen [72], who had considered such a model in 1935 rather
as a mathematical curiosity. Some decades later, Misner and Wheeler first introduced the term
“wormhole” in [73],
This analysis forces . . . where there is a net flux of lines of force through what
topologists would call a handle of the multiply-connected space and what physicists
might perhaps be excused for more vividly terming a “wormhole”
– C. W. Misner and J. A. Wheeler
showing that the bridge (wormhole) could connect two distant points of our own universe or
different universes by a spacetime shortcut. Yet, the existence of Schwarzschild wormholes was
later ruled out because they are not traversable since the throat opens and closes so quickly that
not even light can pass through and moreover, the white holes (exits) become unstable under
small perturbations that convert them into black holes [74].
However, adding of a scalar field coupled to gravity allows one to prevent the wormhole’s
throat from closing. These new classes of solutions, found first by Ellis [75] and independently by
Bronnikov [76], are known as Ellis-Bronnikov wormholes, belonging, actually, to a more general
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class of wormholes. In 1988, Morris and Throne [77] provided some conditions for the wormholes
to be traversable. These solutions are regular (posses no horizon), though an unusual type of
matter must be introduced in order to keep the throat open. The energy-momentum tensor of
such matter must violate the null energy condition which is needed in order to the wormhole be
traversable. However, this exotic feature can be attributed to the so-called dark energy, supported
by contemporary cosmological observations of the universe expanding with acceleration.
The estimations for the acceleration of the universe expansion suggest that the dark energy
dominates over other types of matter, contributing about 70% of total energy in the observable
universe. Playing such an important role in cosmology, exotic matter may manifest itself also in
local phenomena, for example around black holes or wormholes. It can be modeled by a self-
interacting phantom scalar field, characterized by negative values of pressure source ω = p/ρ <
−1. Several studies have been developed in this context: regular black-hole [78] and wormhole
[75, 79] solutions, both supported by the phantom scalar field, and testing of instability against
gravitational perturbations [21].
Fortunately, alternative theories of gravity circumvent the use of these exotic matters giving
opportunities for existence of traversable wormholes. One of such theories is the Einstein-Gauss-
Bonnet gravity which is supplemented by the presence of a non-minimal coupling dilaton scalar
field. It turns out that the Einstein-dilaton-Gauss-Bonnet gravity allows for a traversable wormhole
solution obtained by P. Kanti et al. [14], and some generalizations to rotating black holes were
further developed [80–82].
5.1. Einstein-dilaton-Gauss-Bonnet theory
Since string theory is one of the candidates of a quantum theory of gravity, the quadratic
curvature is a natural correction at the low-energy limit. In fact, the full heterotic string theory
[83, 84] includes the dilaton (a scalar field) along with axions, fermions and gauge fields. In this
framework, the Einstein-dilaton-Gauss-Bonnet action corresponds to a kind of minimal effective
theory that contains, in addition to the scalar curvature R and the kinetic term of the dilaton,
also a nonvanishing quadratic curvature correction in four dimensions, non-minimally coupled to
the dilaton field. Thus, the effective theory in four dimensions is described by the action,
S =
1
16pi
∫
d4x
√−g
[
R− 1
2
∂µφ ∂
µφ+ αe−γφL2
]
, (5.1)
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where α is a positive parameter proportional to the Regge slope, γ is a coupling constant of the
dilaton field φ and L2 is the Gauss-Bonnet correction given by eq. 2.9. The variation of the
action, δS = 0, allows one to find the equations of motion for the dilaton and for the gravitational
field,
∇2φ = αγe−γφL2, (5.2)
Gµν =
1
2
[
∇µφ∇νφ− 1
2
gµν∇λφ∇λφ
]
−αe−γφ [Hµν + 4 (γ2∇ρφ∇σφ− γ∇ρ∇σφ)Pµρνσ] , (5.3)
where Gµν = Rµν − 12gµνR is the Einstein tensor and
Hµν = 2
[
RRµν − 2RµρRρν − 2RµρνσRρσ +RµρσλR ρσλν
]− 1
2
gµνL2 ,
Pµνρσ = Rµνρσ + 2gµσRρν − 2gµρRσν + 2gνρRσµ − 2gνσRρµ +Rgµρgσν −Rgµσgρν .
Since astrophysical objects are also interesting to study in alternative theories, in addition to
wormholes, it is worth mention that the four-dimensional Einstein-dilaton-Gauss-Bonnet theory
allows for the black holes with a scalar hair. Static spherically symmetric black hole solutions
were found in EDGB theory [85] whose gravitational background has the line element in the form
ds2 = gµνdx
µdxν = −eΓ(r)dt2 + eΛ(r)dr2 + r2 (dθ2 + sin2 θdϕ2) ,
where Λ and Γ depend on r solely. A regular solution with asymptotically Minkowski geometry
at infinity, eΓ(∞),eΛ(∞) → 1 was obtained in [85–87]. Further, higher dimensional black holes
have also been studied in [88, 89], and, recently, the generalization of the Kerr black hole has
been discussed as an astrophysical viable model [81] within the four-dimensional Einstein-dilaton-
Gauss-Bonnet theory.
5.2. Kanti-Kleihauss-Kunz solution
5.2.1. Spherically symmetric wormhole
The set of equations (5.2) and (5.3) allow for asymptotically flat spherically symmetric worm-
holes that can be described by the following line element [14]
ds2 = −e2ν(l)dt2 + f(l)dl2 + r2 (dθ2 + sin2 θdϕ2) ,
r2 ≡ l2 + r20 , (5.4)
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where r0 is the radius of the throat, metric functions f(l), ν(l) and the dilaton field φ(l) are
written down in terms of the new coordinate l which goes from −∞ to +∞. The condition
of asymptotic flatness is fulfilled at both sides of the wormhole l → ±∞. Substitution of the
metric equation (5.4) into the dilaton equation (5.2) and the modified Einstein equation (5.3),
after some algebra, yield a coupled system of ordinary differential equations [80], which reads as
f ′ +
f(r2f + l2 − 2r2)
lr2
=
r2fφ′2
4l
+ 2αγ
e−γφ
lr2
{
2(r2f − l2)(γφ′2 − φ′′)
+φ′
[
f ′
f
(r2f − 3l2) + 4lr
2
0
r2
]}
, (5.5)
ν ′ − r
2f − l2
2lr2
=
φ′2r2
8l
+ 2αγ
e−γφ
lr2f
ν ′φ′(r2f − 3l2) , (5.6)
ν ′′ + ν ′2 +
ν ′(2lf − r2f ′)
2r2f
+
2r20f − lr2f ′
2r4f
+
φ′2
4
= 2αγ
e−γφ
r2f
× (5.7){
2l
[
ν ′(γφ′2 − φ′′)− φ′(ν ′2 + ν ′′)]+ ν ′φ′(3lf ′
f
− 2r
2
0
r2
)}
,
φ′′ + ν ′φ′ +
φ′(4lf − r2f ′)
2r2f
= 4αγ
e−γφ
r4f
× (5.8){
−2(r2f − l2)(ν ′2 + ν ′′) + ν ′
[
f ′
f
(r2f − 3l2) + 4lr
2
0
r2
]}
,
where the prime designates the derivative with respect to the new radial coordinate l. The
equations (5.5), (5.6) and (5.7) were obtained from the tt, ll and θθ components of the modified
Einstein equation (5.3) respectively, and the equation (5.8) follows from the dilaton equation
(5.2). We note that the equation (5.5) is a first-order differential equation for f = f(l) and
contains terms with the second derivatives of φ(l), the equation (5.6) is a first-order differential
equation for ν = ν(l) which has no terms with second derivative of φ(l), so that (5.8) can be
reduced to the second-order differential equation for φ(l) with no derivatives of f(l) and ν(l).
Equation (5.7), involving second derivatives in ν and φ, is satisfied as long as the other three
equations are satisfied.
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5.2.2. Numerical metric solution
Since the metric wormhole solution (5.4) is regular, we expand the metric functions f , ν and
the dilaton function φ in the vicinity of the throat l = 0, in the following form
f(l) = f0 + f1l + . . . , (5.9)
e2ν(l) = e2ν0 (1 + ν1l . . .) , (5.10)
φ(l) = φ0 + φ1l + . . . , (5.11)
where fi, νi and φi, i = 0, 1 . . . are constant coefficients which will be determined by a recursive
relation obtained from the set of coupled differential equation (5.5), (5.6), and (5.8), while f0,
ν0 and φ0 are the free parameters at l = 0. The following initial conditions are imposed at the
throat
f(0) = f0,
φ(0) = φ0,
ν(0) = ν0,
φ′(0)2 = φ21 =
f0(f0 − 1)
2αγ2e−γφ0
[
f0 − 2(f0 − 1) αr20 e−γφ0
] . (5.12)
After the diagonalization of the dilaton and Einstein equations (5.5)-(5.8) in the limit l→ 0, the
latter of the four conditions follows from the requirement of regularity of the metric coefficients
at the throat. Since the right-hand side is positive-definite, we must impose constraint relations
for the (α, f0, r0, φ0) parameters. Despite α-coupling constant in general is a real quantity, we
consider α > 0 which is in concordance with the interpretation of α in terms of Regge slope
parameter. We must impose the constraint f0 > 1 which introduces a boundary in the wormhole
solutions, then α/r20 < e
γφ0/2 in order to have a positive expression in the brackets in the
denominator.
At infinity we impose asymptotic flatness of the solution and vanishing dilaton field. Then at
l→∞ the corresponding functions take the form
f(l) = 1 +
2M
l
+ . . . ,
ν(l) = −M
l
+ . . . , (5.13)
φ(l) = −D
l
+ . . . ,
where M and D are the mass and dilaton charge of the wormhole respectively.
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Figure 5.1: Metric functions, ν(l) (left panel, from bottom to top) and f(l) (right panel, from top to
bottom), for the wormholes α = 0.005r20 (blue), α = 0.02r
2
0 (red), and α = 0.05r
2
0 (magenta) for
f0 = 1.1.
Due to the scaling symmetry (see Sec. IIC in [80]), without loss of generality we take γ = 1
and r0 = 1, i. e. we measure α and all dimensional quantities in the units of r0. Then, for given
α > 0 and f0 > 1, we choose ν0 and φ0 such that
lim
l→∞
ν = 0 , lim
l→∞
φ = 0 . (5.14)
Once the units are chosen in this way, the wormhole solution can be found for every value of α
for which (see fig. 5.1)
α
r20
/ 0.13. (5.15)
The above setup defines two families of solutions to the equations (5.5)-(5.8) for l ≥ 0
corresponding to two possible signs of φ′(0). All the wormhole configurations presented in [80]
correspond to the choice φ′(0) < 0. It is clear that if one requires the smoothness of the solution
at l = 0 the resulting configuration is not symmetric with respect to the throat. Indeed, if one
replaces l → −l, then φ′(0) → −φ′(0) (as well as derivatives of the metric functions). It turns
out that such solutions have singularities after crossing the throat. Therefore, we will study
symmetric wormholes such that φ′(+0) = −φ′(−0) < 0, i. e. with discontinuities of the first
derivatives at the throat. Although such a geometry looks artificial, it apparently does not lead to
problems because the observable quantities remain finite at the throat [80]. The discontinuities
can be attributed to the presence of matter with positive energy density and pressure at the
throat [14].
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5.3. Traversable Wormhole
5.3.1. Embedding
The construction of the embedding diagram allows us to imagine how the wormhole will look
like in a given manifold. The corresponding geometry of a particular slice can be found once we
know the numerical function f(l). Since the solution is spherically symmetric, we consider an
equatorial slice θ = pi/2 in order to simplify the analysis and a fixed time dt = 0 without loss of
generality, then from (5.4) the spatial metric is
ds2 = f(l)dl2 + (l2 + r20)dϕ
2. (5.16)
Now we embed this two-dimensional slice into the three-dimensional Euclidean space R3 written
in cylindrical coordinates (η, ϕ, z). The origin of our new coordinate system is placed at z = 0
(throat of the wormhole) and ϕ runs from 0 to 2pi (spherical symmetry) and the radial coordinate
η goes from 0 to ∞. The geometry in cylindrical coordinates has the form,
dS2 = dη2 + dz2 + η2dϕ2. (5.17)
Then we set ds2 ≡ dS2 in order to label any point in the space and regarding z and η as
functions of l, we find
η(l) =
√
l2 + r2o,
(
dz
dl
)2
+
(
dη
dl
)2
= f(l). (5.18)
From the last equation, we easily conclude that,
z(l) = ±
∫ l
0
√
f(l′)− l
′2
l′2 + r20
dl′. (5.19)
Once the function f(l) is obtained from the numerical integration of the equations (5.5)-(5.8), one
can find z(l) numerically. The parametric representation of the θ = pi/2- slice of the embedded
three-dimensional space in cylindrical coordinates (η(l), ϕ, z(l)) is shown on fig. 5.2.
In order to have a viable wormhole solution the imbedded surface must flare out, that is the
inverse of the embedding function η = η(z) must have a nonvanishing minimum radius, η(0) = r0
and dη/dz → 0 at the throat. The second derivatives must satisfy, d2η/dz2 > 0 near the throat
r0. If we now look at the slope
dη
dz
=
dη
dl
dl
dz
;
dl
dz
= ±
(
f(l)− l
2
l2 + r20
)−1/2
= ± l√
l2 + r20
(
f(l)− l
2
l2 + r20
)−1/2
= ± l (f(l) (l2 + r20)− l2)−1/2 , (5.20)
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Figure 5.2: Embedding diagram for a wormhole solution for α/r20 = 0.02 and f0 = 1.1.
then, at the throat
(
dη
dz
)
l→0 = 0 and the second derivative becomes
d2η
dz2
=
d
dz
(
dη
dz
)
=
d
dl
(
dη
dz
)(
dl
dz
)
,
= ± d
dl
(
l2 + r2o
l2
f(l)− 1
)−1/2
.
dl
dz
, (5.21)
being at the throat d
2η
dz2
∣∣∣
l→0
= 1/rof0. Despite the function η(z) satisfies these conditions, we
may define the proper distance ξ from the throat as an independent coordinate
ξ(l) =
∫ l
0
√
f(l′)dl′. (5.22)
It is easily seen that the above conditions are indeed satisfied,
dη
dξ
∣∣∣∣
l=0
= 0,
d2η
dξ2
∣∣∣∣
l=0
=
1
r0f0
> 0. (5.23)
5.3.2. Violation of the energy conditions
One way to solve the Einstein equation in the presence of some kind of matter is to specify the
sources of the fields involved in the stress-energy tensor Tµν , solve the differential equations and
thus obtain the metric gµν . The inverse process is nonetheless also possible: to consider a metric
solution gµν , and solve the equations for the stress-energy tensor components Tµν . However,
despite the validity of this process, not all stress-energy tensor solutions are allowed from the
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point of view of the basic physical principles. Certain energy conditions must be satisfied by
these tensors.
These energy conditions are invariant restrictions of the energy-momentum tensor, and in
general true in almost every classical considerations. These scalar invariant quantities can be
constructed contracting the stress-energy tensor with timelike and null vectors. We write this
condition for a generic stress-energy tensor
T µν =

ρ 0 0 0
0 p1 0 0
0 0 p2 0
0 0 0 p3
 , (5.24)
where ρ is the density of the matter and pi are the principal pressures along the three spacelike
directions ei. Thus for p1 = p2 = p3 we have a perfect fluid. The energy conditions are
summarized in the following table:
Energy conditions
Null Weak Strong Dominant
-The NEC states
that,
Tµνk
µkν ≥ 0
for any null vector
kµ
-The WEC states
that,
Tµνu
µuν ≥ 0
for any timelike vec-
tor uµ
-The SEC states that,(
Tµν − 12Tgµν
)
uµuν ≥ 0
for any timelike vector
uµ
-The DEC states
that, Tµνuµuν ≥ 0
and Tµνuµ is not
spacelike for any
timelike vector uµ
-For the stress-
energy tensor of the
form (5.24)
ρ+ pi ≥ 0, i = 1 . . . 3
-For the stress-
energy tensor of the
form (5.24)
ρ ≥ 0,
ρ+ pi ≥ 0, i = 1 . . . 3
-For the stress-energy
tensor of the form
(5.24)
ρ+ pi ≥ 0,
ρ+
∑
i pi ≥ 0, i = 1 . . . 3
-For the stress-
energy tensor of the
form (5.24)
ρ ≥ 0,
pi ∈ [−ρ, ρ], i = 1 . . . 3
Table 5.1: The null, weak, strong and dominant energy conditions.
Here T = Tµνgµν is the trace of stress-energy tensor. Among various energy conditions
presented above in the context of general relativity, the null energy condition (NEC) represents
a special interest. The NEC is quite robust in classical theory, because almost every classical
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field satisfies it, with the exception of some matter fields with nonminimal coupling to gravity.
However, in the realm of quantum physics, these energy conditions may no longer be true, so
that the observer could measure negative energy densities. There are several examples where
these apparently unphysical conditions are fulfilled, for instance, due to the Casimir effect and
the Hawking evaporation of black holes.
Despite the consistency of the null energy conditions in classical physics, it is the weakest
among all the energy conditions since its violation leads to the violation of the other energy
conditions. Wormholes are interesting physical entities whose existence relies on the violation of
the null energy condition. In this sense, wormholes violate all energy conditions above mentioned.
For the Kanti-Kleihauss-Kunz wormhole solution, we can choose the general null vectors of
the form (−eν , f 1/2, 0, 0) and (−eν , 0, r, 0), thus the null energy condition can be expressed
respectively as
−T 00 + T ll ≥ 0, and (5.25)
−T 00 + T θθ ≥ 0. (5.26)
If one or both of the these inequalities do not hold in some region of spacetime, the null
energy condition is violated. Using the expansion of the metric function and dilaton fields near
the throat, (5.9), (5.10), and (5.11), we find that
[−T 00 + T ll ≥ 0]l=0 = − 2f0r20 < 0, (5.27)
thus, for the wormhole solutions close to the throat the null energy condition is violated.
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Chapter 6
Linear wormhole perturbations
6.1. Linearized spherically symmetric perturbation
In order to study linear perturbations of Kanti-Kleihauss-Kunz spherically symmetric worm-
holes, we perturb the background which corresponds to perturbations of the dilaton δφ and the
metric functions, δf and δν,
φ→ φ(l) + δφ(t, l),
f → f(l) + δf(t, l), (6.1)
ν → ν(l) + δν(t, l).
After substitution the perturbed functions in the modified Einstein equation and the dilaton
equation, these can be reduced to one dynamical equation for δφ [80]
∂2δφ
∂l2
+ q1(l)
∂δφ
∂l
+ q0(l)δφ(t, l)− qσ(l)∂
2δφ
∂t2
= 0 , (6.2)
where the functions qσ(l), q0(l) and q1(l) depend on the background solution (metric and dilaton
field) and have some cumbersome expressions. Although q0(l) and q1(l) diverge at the throat
(l = 0) as O(l−1), the function qσ is finite everywhere. Furthermore, the perturbations of the
metric functions, δf and δν, can be expressed in terms of δφ and its derivatives, in this sense, by
solving the differential equation (6.2), we also obtain the perturbations of the metric functions.
Notice also that the perturbations of the throat radius δr(l, t) are set to be zero in [80].
From equation (6.2), we can see that the differential equation becomes nonhyperbolic for
qσ < 0, which happens for sufficiently small wormhole (α > 0.05r20) implying that the kinetic
term has a wrong sign. A similar feature was observed for the small black holes in the Lovelock
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theory [61], which were found later unstable within the linear approximation against vector-type
gravitational perturbations [90]. Yet, it was pointed out in [91] that the nonhyperbolicity of the
perturbation equations implies that the stability of such black holes requires a more complex
analysis since the initial value problem is not well posed in this case. In this sense, in order
to avoid the nonhyperbolicity problem of the perturbation equation, we will consider only the
configurations with sufficiently large throat.
For sufficiently large wormholes (α ≤ 0.05r20) the function qσ(l) is positive everywhere and
after choosing the appropriate gauge invariant quantity function χ = χ(t, l(y)) (6.2) can be
reduced to the wavelike equation [80]
∂2χ
∂t2
− ∂
2χ
∂y2
+ Veff(l)χ(t, l) = 0 , (6.3)
with the effective potential
Veff(l) =
q0(l)
qσ(l)
− q
′
1(l)
2qσ(l)
− q1(l)
2
4qσ(l)
− q
′′
σ(l)
4qσ(l)2
+
5q′σ(l)
2
16qσ(l)3
, (6.4)
where y corresponds to the tortoise coordinate defined as
y =
∫ √
qσ(l)dl. (6.5)
The effective potential (6.4) is bounded on the whole range of l and compatible with the
behavior of other wormhole configurations, approaching constant values at both infinities [92].
After imposing purely outgoing boundary conditions at both infinities y → ±∞,
χ ∼ e±iωy, y → ±∞, (6.6)
any solution to equation (6.3) is a superposition of oscillations characterized by the discrete
spectrum of quasinormal modes. In a similar fashion with the black hole case (see, for example,
[7]), such boundary conditions describe the “momentary” reaction of a wormhole to the per-
turbation, when the source of perturbation stopped acting. In order to study stability of the
wormhole perturbations, we will use the method of numerical characteristic integration of the
wave-like equation described in section 3.1 which was used in previous chapters for the case of
Einstein-Gauss-Bonnet-de Sitter black holes.
6.2. Instability profiles
Following [93], for the general spherically symmetric perturbations we study the time-domain
profile for χ(t, l) at the throat (l = 0). In order to obtain the time-domain profile we use the
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Figure 6.1: Effective potentials (left panel) and the time-domain profiles (right panel) for the spherically
symmetric perturbations of the wormhole α = 0.02r20: f0 = 1.001 (blue), f0 = 1.1 (green), f0 = 10
(red).
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Figure 6.2: Effective potentials (left panel) and the time-domain profiles (right panel) for the spherically
symmetric perturbations of the wormhole f0 = 10: α = 0.005r20 (orange), α = 0.02r
2
0 (red), α = 0.05r
2
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(magenta). As α grows the peak becomes higher and shifts towards the throat uppering the local
minimum at the throat.
discretization scheme proposed by Gundlach, Price, and Pullin [23] and presented in the chapter
3.
The numerical temporal profiles were obtained for a wide range of free-parameters (f0, α/r20).
We observed that the profiles show the typical damped oscillation for intermediate times that give
way to a nonoscillating growth at late time (see figs. 6.1 and 6.2). In order to reach the numerical
convergence necessary to our objectives and keep the error propagation under control, when
integrating until very late times, we increase the accuracy of our calculations as well as diminish
the step of the grid. After all, exponential growth after a long period of damped oscillations was
observed in the tensor channel of higher dimensional black holes in the Einstein-Gauss-Bonnet
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theory [5, 24].
Fig. 6.1, shows that the higher f0 is at the throat, the larger is peak of the effective potential
and eventually shifts outside the throat, leading to a double peak due to symmetry. In addition,
we also observe that unstable modes appear for any values of the parameter f0 ≥ 1.001. In
fig. 6.2 we show that the smaller values of α-coupling is, the higher growth rates appear, so that
when α → 0 it is possible that the instability growth rate may go to infinity. This means that
the purely imaginary quasinormal frequency, which is responsible for the instability would increase
unboundedly as α goes to zero. This indicates that the above mode is nonperturbative in α. The
wormhole is therefore evidently unstable at whatever small value of α. The same phenomenon
takes place for D > 4 dimensional asymptotically flat and anti-de Sitter black holes in various
theories with higher curvature corrections [5, 24, 58, 60, 94–96].
6.3. Emergence of instability
Unlike [14], we found that Kanti-Kleihaus-Kunz wormhole solutions are unstable as we have
previously shown. There are some technical reasons for this discrepancy and this section will be
dedicated to present the corresponding analysis.
The perturbation function considered in [14] is expressed as
δφ(t, l) = A(l)χ(t, l), (6.7)
where A(l) is a factor which diverges at the throat as O(l−1). According to [14], in order to
have a finite perturbation there, the vanishing Dirichlet boundary conditions at the throat are
considered (χ = 0 at l = 0). Effectively this disconnects the regions of space on both sides of
the throat for purely radial modes of perturbation. It is worth mentioning that the differential
perturbation equation obtained in [14] was found considering only the perturbations of the metric
functions, f and ν, and the dilaton field φ (i.e. the equation (6.2) was derived assuming that
δr = 0 which fixes the throat size r0).
The most general radial perturbation for this wormhole must consider also the perturbation
of the radial parameter r,
r → r(l) + δr(t, l), (6.8)
where in the righthand side the function r(l) =
√
l2 + r20 corresponds to the unperturbed radial
quantity. A similar situation was considered in [93], where various black holes supported by a
non-minimal phantom scalar field were considered. In [93], it was shown that a gauge-invariant
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quantity ψ = r′δφ − φ′δr can be constructed for a general spherically symmetric wormhole
solution. Therefore, It is easy to see that, in our case, the following quantity is a gauge-invariant
perturbation function
χ(t, l) =
1
A(l)
(
δφ(t, l)− r
l
φ′(l)δr(t, l)
)
, (6.9)
which satisfies the wave-like equation (6.3) with the finite effective potential (6.4). When χ is
finite at the throat, δφ does not diverge unless we fix the throat size by choosing δr = 0 in (6.9).
Thus, the instability of the wormhole is easily understood, if one assumes perturbation of the
throat’s radius.
In other words, the dynamical problem of evolution of the finite wave function χ which we
solved for the finite effective potential (6.4) does not have any divergence problem. The behavior
of the dilaton field at the throat, as it was shown for the other type of a scalar field in [93], is a
pure artifact of the gauge chosen in [80] and, therefore, can be safely ignored.
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Chapter 7
Conclusions
In the first part of this thesis, we have performed a thorough analysis of gravitational quasi-
normal spectrum of asymptotically de Sitter black holes in the Einstein-Gauss-Bonnet theory.
Usage of the time-domain integration allowed us to take into consideration contributions of all
the modes in the signal and, thereby, to judge about the (in)stability of the black hole. Gravita-
tional perturbations can be reduced to the independent master equations for scalar, vector, and
tensor types relatively the rotation group on (D − 2)-sphere. It has been shown that the scalar
channel of the gravitational perturbation are unnstable at sufficiently large values of the cosmo-
logical constant Λ. We called this instability “the Λ-instability”, because it does not take place
for asymptotically flat spacetimes. Our results have been recently confirmed within a nonlinear
analysis [97]. In addition, we have found that scalar and tensor channels also have instabilities
for the nonzero Gauss-Bonnet coupling. This instability occurs at high multipole numbers ` and
therefore was called “the eikonal instability”. The summary of the (in)stabilities is presented in
the table 7.1.
D Λ-instability eikonal instability
5 scalar-type (` = 2) scalar-type
6 scalar-type (` = 2) tensor-type
7 scalar-type (` = 2)
8 scalar-type (` = 2)
Table 7.1: Summary of instabilities of Einstein-Gauss-Bonnet-de Sitter black holes: each type of instability
implies its parametric region. For the eikonal instability this region expands as ` increases, so that the
instability region in this case corresponds to the limit `→∞.
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It was demonstrated that the quasinormal frequencies of the scalar type of gravitational
perturbations do not obey the Hod’s inequality and the lowest mode in this channel of perturbation
has higher damping rate than the one prescribed by the proposal. However, the other two
channels, vector and tensor, have lower laying modes what, thereby, confirm the Hod’s proposal.
Apparently, it would be impossible to create the process of perturbation which would excite only
the scalar channel and leave unperturbed the other two. If such a “selective” perturbation could
be prepared or even theoretically modeled, the Hod’s proposal would be violated.
In the second part of this thesis, we have reviewed the wormhole solution obtained by P.
Kanti et al. in [14] which is an important example of a wormhole supported by the string theory
inspired modification of Einstein equations rather than by some exotic matter. Imposing the
correct boundary conditions for the perturbation, the Kanti-Kleihaus-Kunz wormholes proved
out to be unstable for whatever small values of the Gauss-Bonnet coupling constant α. The
instability develops after a long phase of damped quasinormal oscillations, which is similar to the
time-domain profile of the eikonal instability observed for black holes in Einstein-Gauss-Bonnet
theory. Moreover, it was recently shown in [98] that the fate of a perturbed spherically symmetric
wormhole supported by scalar fields is either a black hole or an expanding throat depending on
the total energy of the structure. This result supports our general conclusion that the Kanti-
Kleihaus-Kunz wormholes are unstable.
Even being unstable, the Kanti-Kleihaus-Kunz wormhole solution is a unique and important
example of a traversable wormhole supported not by an exotic matter, but by introducing the
second order curvature correction and dilaton, which are inspired by string theory. This wormhole
appears naturally as a result of quantum corrections to the Einsteinian theory. Therefore, in our
opinion, further efforts for finding stabilizing factors could be made in the future by considering
nonminimal theory with additional fields (axions, fermions, gauge fields) or other higher curvature
corrections.
Nowadays, black-hole solutions are actively studied in the higher-curvature context. An ana-
lytical approximation for the four-dimensional black hole in Einstein-dilaton-Gauss-Bonnet gravity
has been developed in [99], quasinormal modes of such black holes have been studied for test
fields [100, 101]. Black holes in theories with general scalar coupling to the Gauss-Bonnet term
have been studied in [102, 103].
Another topic of the active investigation is the eikonal instability appearing within the linear
approximation in theories with higher curvature corrections. Such an instability is always accom-
panied by a non-hyperbolicity of the master perturbation equations [91] and leads to a breakdown
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of the whole regime of linear perturbations. It opens a new direction of research in order to formu-
late the well-posed initial value problem to the perturbation equations. Thus, compact objects in
higher curvature corrected gravity are important models to study, raising new important questions
on gravitational theory and its testing through gravitational-wave observations.
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Appendix A
Perturbations of
Einstein-Gauss-Bonnet black holes
A.1. Basic formulas
The static spherically symmetric black-hole solution within the Einstein-Gauss-Bonnet gravity
is given by the line element
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2γ¯ijdx
idxj , (A.1)
f(r) = κ− r2ψ(r) , (A.2)
where κ = 0,±1, r is the radial coordinate, ψ(r) is a real function, and γ¯ij is the line-element
on the n-sphere (Sn). The Riemann tensor components are given by
Rtr
tr = −f
′′
2
, Rti
tj = Rri
rj = − f
′
2r
δi
j ,
Rij
kl =
(
κ− f
r2
)(
δi
kδj
l − δilδjk
)
. (A.3)
The non-vanishing Ricci tensor components are
Rtt =
−2f ′′ f + f ′2 − f f ′2
4f 2
− nf
′
2r
, (A.4)
Rrr = −
f ′′
2
− n f
′
2r
, (A.5)
Rji =
2(κ− f)(n− 1)− r f ′
r2
δji . (A.6)
Using the last expressions, we can determine the elements of the modified Einstein tensor
which is expressed as
G νµ = ΛG
ν
(0)µ +G
ν
(1)µ + α G
ν
(2)µ , (A.7)
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where Λ is the cosmological constant and
G
ν
(0)µ = δ
ν
µ, (A.8)
G
ν
(1)µ = R
ν
µ −
1
2
δνµR, (A.9)
G
ν
(2)µ = R
σρ
λµ R
λν
σρ − 2R λσ R σνλµ − 2R λµ R νλ +RR νµ −
1
4
δνµ
(
R ρδλσ R
λσ
ρδ − 4R σλ R λσ +R2
)
. (A.10)
In order to study the gravitational perturbation around a background solution (A.1)-(A.2),
we perturb the metric tensor gµν → gµν + hµν , then the variation of the modified Einstein tensor
are present as follow
δGtt = −r2−n
(
T ′
2(n− 1)δRik
ik +
T
r
δRir
ir
)
,
δGrt = −
T
rn−1
δRit
ir ,
δGit = r
2−n
(
T ′
(n− 1)δRtk
ik +
T
r
δRtr
ir
)
,
δGrr = −r2−n
(
T ′
2(n− 1)δRik
ik +
T
r
δRit
it
)
,
δGir = r
2−n
(
T ′
(n− 1)δRrk
ik +
T
r
δRrt
it
)
,
δGji = −
T
rn−1
δRtr
trδji +
T ′
(n− 1)rn−2
(
δRti
tj + δRri
rj − (δRtktk + δRrkrk) δji )
+
T ′′
2(n− 1)(n− 2)rn−3
(
2δRik
jk + δRkl
klδji
)
, (A.11)
where
δRµν
ρσ =
1
2
(
Rµν
ρλhλ
σ −Rµνσλhλρ + (∇ν∇σ hµρ −∇µ∇σ hνρ) + (∇µ∇ρ hνσ −∇ν∇ρ hµσ)
)
.
(A.12)
A.2. Gravitational channels
The dynamical equations of gravitational perturbations are determined from δGβα=0, and can
be derived separately for each channel of perturbations.
Tensor-type perturbations
The tensor-type perturbations are characterized as h0µ = h1µ = 0 and hij = r2φ(t, r)Tij,
where Tij are symmetric tensor spherical harmonics, which satisfy(∇¯k∇¯k + (`(`+ n− 1)− 2))Tij = 0, Tij;k = 0, Tii = 0. (A.13)
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Therefore, we can calculate the variation of the Riemann tensor
δRti
tj =
f ′
2f
(
φ¨
f ′
− f φ
′
2
)
Tij ,
δRri
rj = −f
2
(
φ′′ +
(
f ′
2f
+
2
r
)
φ′
)
Tij ,
δRil
jl =
(
−n− 2
2
f
r
φ′ +
2κ+ (`(`+ n− 1)− 2)
2r2
φ
)
Tij . (A.14)
Substituting these equations into (A.11), we have
δGi
j =
r2−n
n− 1
(
T ′
2f
(
φ¨− f 2φ′′
)
− T
′
2
(
f ′ +
2f
r
+
f T ′′
f ′
)
φ′+ (A.15)
(2κ+ (`(`+ n− 1)− 2))T ′′
2(n− 2)r φ
)
Tij = 0 .
After introducing the wave function Ψ(t, r) = R(r)φ(t, r) = r
√
T ′φ(t, r), and using the tor-
toise coordinate dr∗ = dr/f(r) the dynamical equation for tensor-type perturbations in linear
approximation takes the form,(
∂2
∂ t2
− ∂
2
∂ r2∗
+ Vt(r(r∗))
)
Ψ(t, r(r∗)) = 0, (A.16)
where the effective potential Vt for tensor-type perturbations is
Vt(r) =
`(`+ n− 1)f(r)T ′′(r)
(n− 2)r T ′(r) +
1
R(r)
d2
dr2∗
(R(r)) , (A.17)
T (r) = rn−1
(
1 + r−2α(n− 1)(n− 2)(κ− f(r))) . (A.18)
Vector-type perturbations
The the vector-type channel of black-hole perturbations generalizes the Regge-Wheeler gauge
for odd perturbations. The perturbations have the form (2.43) and after some calculations, the
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non-zero components of δRµνρσ can be expressed as
δRtk
ij =
κ− f
r4
(
δjkftV
i − δik ftVj
)
+
f ′
2r3
(
δjkftV
i − δik ftVj
)
− 1
2r4
[−∇¯k∇¯i (ftVj) + ∇¯k∇¯j (ftVi) + κ(δjkftVi − δik ftVj)]
− f
2r3
[
δjk
(
(ftVi)′ − ∂t((fr Vi))− 2
r
ftVi
)
− δik
(
(ftVj)′ − ∂t((fr Vj))− 2
r
ftVj
)]
,
δRtr
ir = − f
′
2r3
ftVi +
f ′′
2r2
ftVi
− f
2r3
(
(ftVi)′ − ∂t((fr Vi))− 2
r
ftVi
)
− f
2r2
(
(ftVi)′ − ∂t((fr Vi))− 2
r
ftVi
)′
,
δRrk
ij =
κ− f
r4
(
δjkfr V
i − δik fr Vj
)
+
f ′
2r3
(
δjkfr V
i − δik fr Vj
)
+
1
2r4
[∇¯k∇¯i(fr Vj)− ∇¯k∇¯j(fr Vi)− κ(δjk fr Vi − δik fr Vj)] ,
δRtr
ti = − f
′
2r3
fr Vi +
f ′′
2r2
fr Vi − 1
2r2f
∂t
(
(ftVi)′ − ∂t((fr Vi))− 2
r
ftVi
)
,
δRti
tj = − 1
2r2f
(∇¯j(∂t(ftVi)) + ∇¯i(∂t(ftVj)))+ f ′
4r2
(∇¯j(fr Vi) + ∇¯i(fr Vj)) ,
δRri
rj =
f ′
4r2
(∇¯j(fr Vi) + ∇¯i(fr Vj))+ f
2r2
(∇¯j(fr Vi) + ∇¯i(fr Vj))′ ,
δRij
kl =
f
2r3
(
δlj
(∇¯k(fr Vi) + ∇¯i(fr Vk))− δkj (∇¯l(fr Vi) + ∇¯i(fr Vl))
+δki
(∇¯l(fr Vj) + ∇¯j(fr Vl))− δli (∇¯k(fr Vj) + ∇¯j(fr Vk))) , (A.19)
where Vi are the vector harmonic, and the real functions ft and fr both depends on (t, r).
Similar to the tensor-type perturbations, we need to substitute the equations into (A.11), then
the non-vanishing components of the variation of Einstein tensor are
δGit = −
r−2−n
2
(
T ′
n− 1ft ∇¯k∇¯
k(Vi) + κT ′ftVi + f
(
r T
(
(ftVi)′ − ∂t(fr Vi)− 2
r
ftVi
))′)
,
δGir = −
r−2−n
2
(
T ′
n− 1fr∇¯k∇¯
k(Vi) + κT ′fr Vi +
r T
f
∂t
(
(ftVi)′ − ∂t(fr Vi)− 2
r
ftVi
))
,
δGji = −
r−n
2(n− 1)
(
T ′
f
(∇¯j(∂t(ftVi)) + ∇¯i(∂t(ftVj)))− (f T ′ (∇¯j(fr Vi) + ∇¯i(fr Vj)))′) .
Since the vector harmonics Vi satisfy ∇¯k∇¯kVi = −(`(`+ n− 1)− 1)Vi, (` > 2) for κ = 1,
after some algebra, the dynamical equation for the vector-type perturbations is expressed as
V¨− r2
(
f
r2 T ′
)′
(f T ′V(t, r))′ − f
T ′
(f T ′V)′′ +
f
r
T ′
T
(
`(`+ n− 1)− 1
n− 1 − κ
)
V = 0. (A.20)
The wave-like equation is obtained after introducing a new function Ψ(t, r) = f R(r)V/r,
and the tortoise coordinate. We have(
∂2
∂ t2
− ∂
2
∂ r2∗
+ Vv(r(r∗))
)
Ψ(t, r(r∗)) = 0, . (A.21)
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where
Vv(r) =
(`− 1)(`+ n)f(r)T ′(r)
(n− 1)r T (r) +R(r)
d2
dr2∗
(
1
R(r)
)
. (A.22)
Scalar-type perturbations
For the scalar-type channel, the metric perturbations in spherically symmetric black hole are
given by
hµν =
 (FabS) (rFa Si)
Sym
(
2r2HL γ¯ij S
)  . (A.23)
where Fa, Fab, HL are functions of (t, r), “Sym” represents the symmetric part of hµν , and S is
a scalar harmonic and Si is a scalar-type vector harmonic which satisfies,
Si = − 1
κs
∇¯i S, (A.24)
After choosing an appropriate coordinate transformation to leads a gauge such that Fa = 0.
Moreover, for convenience, we rewrite Fab in the form
Ftt = f Ftt, Frr = Frr
f
, Frt = F˙rt. (A.25)
The variation of the Riemann tensor can be expressed as
δRti
tj =
1
2r2
∇¯i∇¯j(FttS) +
(
−1
r
∂t(F˙rtS) +
1
f
∂2t (HLS)−
f
′
2
(HLS)′ +
f
2r
(FttS)′ +
f ′
2r
FrrS
)
δji ,
δRri
rj = − 1
2r2
∇¯i∇¯j(FrrS) +
(
1
2r
(f FrrS)′ − f
′
2
(HLS)′ − 2f
r
(HLS)′ − (HLS)′′ f
)
δji ,
δRij
kl =
1
r2
[∇¯j∇¯k(HLS)δli − ∇¯i∇¯k(HLS)δlj − ∇¯j∇¯l(HLS)δki + ∇¯i∇¯l(HLS)δkj ]
+
(
−2κ
r2
HLS+
f
r2
FrrS − 2f
r
(HLS)′
)(
δki δ
l
j − δliδkj
)
,
δRti
rj = − f
2r2
∇¯i∇¯j(∂tFrt S)−
(
− f
2r
∂t(FrrS)− f
′
2
∂t(HLS) + f(∂t(HLS))′ +
f
r
∂t(HLS)
)
δji ,
δRri
jk =
1
2r3
(∇¯j(FrrS)δki − ∇¯k(FrrS)δji )− 1r2 (∇¯j(HLS)′δki − ∇¯k(HLS)′δji ) ,
δRtr
ti =
1
2r2
∇¯i
(
f ′
2f
(Frr + Ftt)S+ (FttS)′ − 1
r
FttS− 1
f
∂t
(
F˙rtS
))
, (A.26)
Let us substitute the above expression into equations (A.11), then δGµν = 0 leads to the scalar-
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type perturbed equations, as follow
δGji = 0 : T
′(Ftt − Frr) = 2r T ′′HL , (A.27)
δGrt = 0 : −`(`+ n− 1)F˙rtS+ n
(
r(2HL − Frr)S+ 2r2(HL S)′ − r
2f ′
f
HLS
)·
= 0 , (A.28)
δGtt = 0 : (−`(`+ n− 1)T − nr(f T )′)FrrS− nr f T (FrrS)′ + 2r T ′(nκ− `(`+ n− 1))HL S
+
(
nT r2f ′ + 2nf(r2T )′
)
(HLS)′ + 2nT r2f (HLS)′′ = 0 , (A.29)
δGir = 0 : rT
′
(
1
r
FrrS− 2(HLS)′
)
+T
[
f ′
2f
(FrrS+ FttS) + (FttS)′ − 1
r
(FttS)− 1
f
∂t(F˙rtS)
]
= 0 , (A.30)
δGrr = 0 :
nTr2
f
(
2f
r
∂t(F˙rtS)− 2∂2t (HLS)
)
+ 2rT ′(nκ− `(`+ n− 1))HLS− nr(Tf)′FrrS+(
2nT ′r2f + nTr2f ′
)
(HLS)′ + `(`+ n− 1)T FttS− nrf T (FttS)′ = 0 . (A.31)
Now, we are in position to derive the master equation for the scalar-type. After defining the
new function Ψ(t, r) = φ(t, r)R(r)/A(r), where
φ(t, r) =
(
n
`(`+ n− 1)(HL(2f − rf
′)− Frr)− 2HL
)
S+ 2rf (HLS)′ (A.32)
A(r) = −2nf + 2γs + nrf ′ , (A.33)
the wave-like equation for the dynamical scalar-type perturbations, after long calculations, can
be expressed as (
∂2
∂ t2
− ∂
2
∂ r2∗
+ Vs(r(r∗))
)
Ψ(t, r(r∗)) = 0, . (A.34)
Vs(r) =
2`(`+ n− 1)
nr2B(r)
d
dr∗
(r B(r)) +B(r)
d2
dr2∗
(
1
B(r)
)
, (A.35)
where
B(r) =
2(`− 1)(`+ n)− nr3ψ′
R(r)
T (r). (A.36)
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Appendix B
Solution of the
Einstein-dilaton-Gauss-Bonnet
wormhole
B.1. Basic formulas
The wormhole metric in Einstein-dilaton-Gauss-Bonnet theory has a spherically symmetric
solution which can be expressed as a diagonal matrix, as follow
gµν = −e2νdt2 + f(l)dl2 +
(
l2 + r20
) (
dθ2 + sin2 θdϕ2
)
, (B.1)
where ν = ν(l), f = f(l) and r0 corresponds to the throat of the wormhole. The variable t
corresponds to the time coordinate and l is a radial corrdinate which goes from −∞ to +∞.
In this wormhole configuration l = 0 is located at the throat. Furthermore, the non-vanishing
Christoffel symbols could be determined,
Γltt =
e2νν′
f
Γttl = Γ
t
lt = ν
′,
Γlll =
f ′
2f
Γθlθ = Γ
θ
θl =
r′
r
,
Γlθθ = − r r
′
f
Γφlφ = Γ
φ
φl =
r′
r
,
Γlφφ = − r r
′ sin2 θ
f
Γφθφ = Γ
φ
φθ = cot θ,
Γθφφ = − sin θ cos θ.
(B.2)
Using the last expression, the non-zero Riemann components could be obtained, which are
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given by
Rtltl = −Rtllt = f
′ν′
2f
− ν ′2 − ν ′′, Rθllθ = −Rθlθl = −f
′ r′+2f r′′
2f r
,
Rtθtθ = −Rtθθt = − r r
′ν′
f
Rθφθφ = −Rθφφθ = (
f−r′2) sin2 θ
f
,
Rtφtφ = −Rtφφt = − r r
′ν′ sin2 θ
f
Rφttφ = −Rφtφt = e
2ν r′ν′
f r
,
Rlttl = −Rltlt =
e2ν(f ′ν′−2f(ν′2+ν′′))
2f2
Rφllφ = −Rφlφl = −f
′ r′+2f r′′
2f r
,
Rlθlθ = −Rlθθl = r(f
′ r′−2f r′′)
2f2
Rφθθφ = −Rφθφθ = −1 + r
′2
f
,
Rlφlφ = −Rlφφl = r sin
2 θ(f ′ r′−2f r′′)
2f2
Rθttθ = −Rθtθt = − e
2νr′ν′
f r
,
(B.3)
The Ricci components will also be presented in terms of the wormholes metric functions,
Rtt =
e2ν(4f r′ν′+r(−f ′ ν′+2f(ν′2+ν′′)))
2f2 r
Rll =
f ′(2r′+rν′)−2f(2r′′+r(ν′2+ν′′))
2f r
Rθθ =
2f2+r f ′ r′−2f(r′2+r r′ν′+r r′′)
2f2
Rφφ =
(2f2+r f ′ r′−2f(r′2+r r′ν′+r r′′)) sin2 θ
2f2
(B.4)
Moreover, from the Lovelock construction, the terms L1 and L2 correspond to the Ricci scalar
and the Gauss-Bonnet term respectively. Both scalar quantities in terms of the metric functions
are given by
R =
2f 2 + r f ′ (2r′ + r ν ′)− 2f (r′2 + 2r r′ ν ′ + r (2r′′ + r (ν ′2 + ν ′′)))
f 2 r2
(B.5)
L2 = 4ν
′ (−3f ′ r′2 − 2f 2ν ′ + f (f ′ + 2r′ (r′ν ′ + 2r′′))) + 8f (−f + r′2) ν ′′)
f 3 r2
(B.6)
In the Einstein-dilaton-Gauss-Bonnet gravity, the equation of motion for the dilaton field and
for the gravitational field are,
∇2φ = αγe−γφL2, (B.7)
Gµν =
1
2
[
∇µφ∇νφ− 1
2
gµν∇λφ∇λφ
]
−αe−γφ [Hµν + 4 (γ2∇ρφ∇σφ− γ∇ρ∇σφ)Pµρνσ] , (B.8)
where
Hµν = 2
[
RRµν − 2RµρRρν − 2RµρνσRρσ +RµρσλR ρσλν
]− 1
2
gµνL2 ,
Pµνρσ = Rµνρσ + 2gµσRρν − 2gµρRσν + 2gνρRσµ − 2gνσRρµ +Rgµρgσν −Rgµσgρν .
The Einstein equation Gµν = Rµν − 12gµνR = Tµν is modified since the tensor Tµν has not
only matter fields but also coupled geometry elements due to the dilaton. In order to obtain both
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sides of the equation, the corresponding left-hand-side non-vanishing elements of the modified
Einstein equation are
Gtt =
e2ν(f2+r f ′ r′−f(r′2+2r r′′))
f2 r2
,
Gll =
−f+r′(r′+2rν′)
r2
,
Gθθ =
r(−f ′(r′+r ν′)+2f(r′ ν′+r′′+r(ν′2+ν′′)))
2f2
,
Gφφ =
r(−f ′(r′+rν′)+2f(r′ ν′+r′′+r(ν′2+ν′′))) sin2 θ
2f2
,
(B.9)
and the corresponding right-hand-side are
Ttt =
e2νφ′2
4f
+ 2αγ e
2ν−γφ
f3 r2
(−3f ′ r′2φ′ + 2f 2 (γφ′2 − φ′′) +
f (f ′φ′ + 2r′ (2φ′ r′′ + r′ (−γφ′2 + φ′′)))) ,
Tll =
4e−γφαγ(f−3r′2)ν′φ′
f r2
+ 1
4
φ′2,
Tθθ = − r2φ′24f + 2αγ r e
−γφ
f3
(3f ′ r′ν ′φ′ − 2f (ν ′φ′ r′′+
r′ (ν ′2φ′ + φ′ν ′′ + ν ′ (−γφ′2 + φ′′)))) ,
Tφφ = − r2 sin2 θ φ′24f + 2αγ r sin
2 θ e−γφ
f3
(3f ′ r′ν ′φ′ − 2f (ν ′φ′ r′′+
r′ (ν ′2φ′ + φ′ν ′′ + ν ′ (−γφ′2 + φ′′)))) .
(B.10)
Then, after some calculations, the equation of motion for the dilaton and gravitational field are
given by
f ′ +
f(r2f + l2 − 2r2)
lr2
=
r2fφ′2
4l
+ 2αγ
e−γφ
lr2
{
2(r2f − l2)(γφ′2 − φ′′)
+φ′
[
f ′
f
(r2f − 3l2) + 4lr
2
0
r2
]}
, (B.11)
ν ′ − r
2f − l2
2lr2
=
φ′2r2
8l
+ 2αγ
e−γφ
lr2f
ν ′φ′(r2f − 3l2) , (B.12)
ν ′′ + ν ′2 +
ν ′(2lf − r2f ′)
2r2f
+
2r20f − lr2f ′
2r4f
+
φ′2
4
= 2αγ
e−γφ
r2f
× (B.13){
2l
[
ν ′(γφ′2 − φ′′)− φ′(ν ′2 + ν ′′)]+ ν ′φ′(3lf ′
f
− 2r
2
0
r2
)}
,
φ′′ + ν ′φ′ +
φ′(4lf − r2f ′)
2r2f
= 4αγ
e−γφ
r4f
× (B.14){
−2(r2f − l2)(ν ′2 + ν ′′) + ν ′
[
f ′
f
(r2f − 3l2) + 4lr
2
0
r2
]}
.
We solve these equations numerically in order to obtain the background solution of the Kanti-
Kleihaus-Kunz wormhole.
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B.2. Wormhole perturbation
Lets consider a spherically symmetric linear perturbation for the lowest mode ` = 0. After
perturbing the metric parameters δf , δν and the dilaton δφ, as follow
φ→ φ(l) + δφ(t, l),
f → f(l) + δf(t, l), (B.15)
ν → ν(l) + δν(t, l).
Replacing the last equations (B.15) into the equations of motion (B.11)-(B.14) and then sub-
stracting to the unperturbed equations, it turns out a set of equations that govern the dynamical
motion of the perturbation. From the dilaton equation (B.11) is obtained
δφ′
(
f 2r2f ′eγφ+2ν − 4f 3rr′eγφ+2ν − 2f 3r2ν ′eγφ+2ν)+ δφ (24αγ2fe2νf ′r′2ν ′ − 8αγ2f 2e2ν (f ′ν ′
+2r′
(
2r′′ν ′ + r′
(
ν ′′ + ν ′2
)))
+ 16αγ2f 3e2ν
(
ν ′′ + ν ′2
))
+ δf
(
72αγe2νf ′r′2ν ′
−2fe2ν (f ′ (r2eγφφ′ + 8αγν ′)+ 16αγr′ (2r′′ν ′ + r′ (ν ′′ + ν ′2)))+ 2f 2e2ν (2rr′eγφφ′
+r2eγφν ′φ′ + r2eγφφ′′ + 8αγν ′′ + 8αγν ′2
))
+ δν ′
(−24αγfe2νf ′r′2 + 8αγf 2e2νf ′
+32αγf 2e2νr′2ν ′ + 32αγf 2e2νr′r′′ − 2f 3r2φ′eγφ+2ν − 32αγf 3e2νν ′)+ δf ′ (−24αγfe2νr′2ν ′+
f 2r2φ′eγφ+2ν + 8αγf 2e2νν ′
)
+ δf¨
(
8αγf 3 − 8αγf 2r′2)+ δν ′′ (16αγf 2e2νr′2 − 16αγf 3e2ν)
−2f 3r2δφ′′eγφ+2ν + 2f 4r2eγφδφ¨ = 0 (B.16)
The following differential equations corresponds to the δG00, δG11 and δG22 respectively,
δG00 :
δν
(
48αγff ′r′2φ′ + 8f 2rf ′r′eγφ − 16αγf 2 (f ′φ′ + 2r′ (2r′′φ′ + r′ (φ′′ − γφ′2)))
−2f 3 (8 (rr′′eγφ − 2αγφ′′)+ 4r′2eγφ + φ′2 (16αγ2 + r2eγφ))+ 8f 4eγφ)
+δφ′
(
24αγff ′r′2 − 8αγf 2f ′ + 32αγ2f 2r′2φ′ − 32αγf 2r′r′′ − 2f 3r2eγφφ′ − 32αγ2f 3φ′)
+δφ
(−24αγ2ff ′r′2φ′ − 8αγ2f 2 (2r′ (r′ (γφ′2 − φ′′)− 2r′′φ′)− f ′φ′)− 16αγ2f 3 (φ′′ − γφ′2))
+δf
(−72αγf ′r′2φ′ − 8frf ′r′eγφ + 16αγf (f ′φ′ + 2r′ (2r′′φ′ + r′ (φ′′ − γφ′2)))+ 8f 2rr′′eγφ
+4f 2
(
r′2eγφ + 4αγ
(
γφ′2 − φ′′))+ f 2r2eγφφ′2)+ δf ′ (24αγfr′2φ′ + 4f 2rr′eγφ − 8αγf 2φ′)
−16αγf 2r′2δφ′′ + 16αγf 3δφ′′ = 0 (B.17)
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δG11 :
δφ
(
24αγ2fe2νr′2ν ′φ′ − 8αγ2f 2e2νν ′φ′)+ δf (2f 2eγφ+2ν + 24αγe2νr′2ν ′φ′)
+δν ′
(−24αγfe2νr′2φ′ − 4f 2rr′eγφ+2ν + 8αγf 2e2νφ′)+ δφ′ (−24αγfe2νr′2ν ′ + f 2r2φ′eγφ+2ν
+8αγf 2e2νν ′
)
+ δφ¨
(
8αγf 2r′2 − 8αγf 3) = 0 (B.18)
δG22 :
16e2ναγr′ν ′δφ′′f 2 + δφ
(
24e2ναff ′r′ν ′φ′γ2 + 16e2ναf 2
(−ν ′φ′r′′ − r′ (φ′ν ′2 + (φ′′ − γφ′2) ν ′
+φ′ν ′′)) γ2
)
+ δf
(−e2ν+γφ (4r′ν ′ + 4r′′ + r (4ν ′2 + φ′2 + 4ν ′′)) f 2 + 4e2ν (eγφf ′ (r′ + rν ′)
+8αγ
(−ν ′φ′r′′ − r′ (φ′ν ′2 + (φ′′ − γφ′2) ν ′ + φ′ν ′′))) f + 72e2ναγf ′r′ν ′φ′)+ (−2e2ν+γφr′f 2
−2e2ν+γφrν ′f 2 − 24e2ναγr′ν ′φ′f) δf ′ + (4e2ν+γφr′f 3 + 8e2ν+γφrν ′f 3 − 16e2ναγ2r′φ′2f 2
−2e2ν+γφrf ′f 2 + 32e2ναγr′ν ′φ′f 2 + 16e2ναγφ′r′′f 2 + 16e2ναγr′φ′′f 2 − 24e2ναγf ′r′φ′f) δν ′
+
(
2e2ν+γφrφ′f 3 + 16e2ναγr′ν ′2f 2 − 32e2ναγ2r′ν ′φ′f 2 + 16e2ναγν ′r′′f 2 + 16e2ναγr′ν ′′f 2
−24e2ναγf ′r′ν ′f) δφ′ + (4e2ν+γφrf 3 + 16e2ναγr′φ′f 2) δν ′′ + (−2eγφrf 3 − 8αγr′φ′f 2) δf¨
+
(
8αγf 2f ′r′ − 16αγf 3r′′) δφ¨ = 0 (B.19)
after long calculation, these set of equations can be expressed as a dynamical perturbation for
the dilaton δφ (6.2), where q1(l), q0(l) and qσ(l) have a long expression in terms the background
solution of f(l), ν(l) and φ(l). Once we solved the equation for the background functions, we are
able to compute numerically the effective potential (6.4) for any value of the tortoise coordinate.
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